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Glossary
AMDC Atomic Mass Data Center, Centre de Spec-
trométrie Nucléaire et de Spectrométrie de Masse
(CSNSM), Orsay, France
AME2003 2003 atomic mass evaluation of the AMDC
Ar(X) Relative atomic mass of X: A:(X) = m(X)/mu
Ago Conventional unit of electric current:
Ago = Vo /290
A~ Angstrom-star: A\(WKa1) = 0.2090100 A"
Ge Electron magnetic moment anomaly:
ae = (|ge| —2)/2
ay Muon magnetic moment anomaly:
ap = (lgul — 2)/2
BIPM International Bureau of Weights and Measures,
Sevres, France
BNL Brookhaven National Laboratory, Upton, New
York, USA
CERN FEuropean Organization for Nuclear Research,
Geneva, Switzerland
CIPM International Committee for Weights and
Measures
CODATA  Committee on Data for Science and Technology
of the International Council for Science
CPT Combined charge conjugation, parity inversion,
and time reversal
c Speed of light in vacuum
cw Continuous wave
d Deuteron (nucleus of deuterium D, or *H)
do20 {220} lattice spacing of an ideal crystal of natu-
rally occurring silicon
d220(x) {220} lattice spacing of crystal X of naturally oc-
curring silicon
IDN Binding energy
e Symbol for either member of the electron-positron
pair; when necessary, e~ or e™ is used to indicate
the electron or positron
e Elementary charge: absolute value of the charge
of the electron
F Faraday constant: F' = Nae
FCDC Fundamental Constants Data Center, NIST, USA
FSU Friedrich-Schiller University, Jena, Germany
Foao Foo = (F/Ag0) A
G Newtonian constant of gravitation
g Local acceleration of free fall
gd Deuteron g-factor: gq = pa/p~
Je Electron g-factor: ge = 2ue/pun
Jp Proton g-factor: gp = 2up/pun
9 Shielded proton g-factor: g, = 2u;,/pn
gt Triton g-factor: gt = 2u¢/un
gx(Y) g-factor of particle X in the ground (1S) state of
hydrogenic atom Y
gu Muon g-factor: gy = 2up/(efi/2myp)



GSI
HD

HT

Harvard;
HarvU
ILL
IMGC
INRIM
IRMM
JINR
KRISS
KR/VN

Kj 90

LAMPF

LKB
LK/SY
LNE
MIT
MPQ
MSL

M(X)
Mu

mu
mx, m(X)

N/P/I
NIM

NIST
NMI

NMILJ
NMR

NPL
NRLM

PRC

Gesellschaft fir Schwerionenforschung, Darm-
stadt, Germany

HD molecule (bound state of hydrogen and deu-
terium atoms)

HT molecule (bound state of hydrogen and tri-
tium atoms)

Helion (nucleus of *He)

Planck constant; i = h/2T

Harvard University, Cambridge, Massachusetts,
USA

Institut Max von Laue-Paul Langevin, Grenoble,
France

Istituto di Metrologia “T. Colonetti,”
Italy

Istituto Nazionale di Ricerca Metrologica, Torino,
Italy

Institute for Reference Materials and Measure-
ments, Geel, Belgium

Joint Institute for Nuclear Research, Dubna, Rus-
sian Federation

Korea Research Institute of Standards and Sci-
ence, Taedok Science Town, Republic of Korea
KRISS-VNIIM collaboration

Josephson constant: Kj = 2e/h

Conventional value of the Josephson constant Kj:
Kj_o0 = 483597.9 GHz V!

Boltzmann constant: k = R/Na

Clinton P. Anderson Meson Physics Facility at Los
Alamos National Laboratory, Los Alamos, New
Mexico, USA

Laboratoire Kastler-Brossel, Paris, France

LKB and SYRTE collaboration

Laboratoire national de métrologie et d’essais,
Trappes, France

Massachusetts Institute of Technology,
bridge, Massachusetts, USA
Max-Planck-Institut fiir Quantenoptik, Garching,
Germany

Measurement Standards Laboratory, Lower Hutt,
New Zealand

Molar mass of X: M(X) = A:(X)M,

Muonium (Ute™ atom)

Molar mass constant: M, = 1073 kg mol ™!
Unified atomic mass constant: m, = m(*2C)/12
Mass of X (for the electron e, proton p, and other
elementary particles, the first symbol is used, i.e.,
Me, Mp, etc.)

Avogadro constant

NMIJ-PTB-IRMM combined result

National Institute of Metrology, Beijing, China
(People’s Republic of)

National Institute of Standards and Technology,
Gaithersburg, Maryland and Boulder, Colorado,
USA

National Metrology Institute, Lindfield, Australia
National Metrology Institute of Japan, Tsukuba,
Japan

Nuclear magnetic resonance

National Physical Laboratory, Teddington, UK
National Research Laboratory of Metrology,
Tsukuba, Japan

Neutron

People’s Republic of China

Torino,

Cam-

PTB

p
pAHet

QED
QUx*Iv)

Rp
Ra: Rd

Rk 90

Ry; Rp
R
7”(1’7;, xj)

T

rms
Se
ST

Stanford;
StanfU

StPtrsb

SYRTE

T

t

th
Type A

Type B

t9o

U. Sussex;
USus

UK

USA
UWash

u(x;)
U(xiv LE]‘)
Udiff

Uy (x5)

uf(miv mj)

Vin (Si)
VNIIM

Physikalisch-Technische Bundesanstalt, Braun-
schweig and Berlin, Germany

Proton

Antiprotonic helium (AHeJr 4+ P atom, A =
3 or 4)

Quantum electrodynamics

Probability that an observed value of chi-square
for v degrees of freedom would exceed x?

Molar gas constant

Ratio of muon anomaly difference frequency to
free proton NMR frequency

Birge ratio: R = (XQ/Z/)%

Bound-state rms charge radius of the deuteron
von Klitzing constant: Rk = h/e2

Conventional value of the von Klitzing constant
Rk: Rx—90 = 25812.807 Q2

Bound-state rms charge radius of the proton
Rydberg constant: Reo = meca2/2h

Correlation coefficient of estimated values x; and
zjt r(@i, x;) = w(wi, z;)/[u(@i)u(z;)]

Normalized residual of z;: r; = (z; — &) /u(z:),
Z; is the adjusted value of x;

Root mean square

Self-sensitivity coefficient

Systéme international d’unités (International Sys-
tem of Units)

Stanford University, Stanford, California, USA

St. Petersburg, Russian Federation
Systemes de référence Temps Espace,
France

Thermodynamic temperature

Triton (nucleus of tritium T, or *H)
Theory

Uncertainty evaluation by the statistical analysis
of series of observations

Uncertainty evaluation by means other than the
statistical analysis of series of observations
Celsius temperature on the International Temper-
ature Scale of 1990 (ITS-90)

University of Sussex, Sussex, UK

Paris,

United Kingdom

United States of America

University of Washington, Seattle, Washington,
USA

Unified atomic mass unit (also called the dalton,
Da): 1 u = my, = m(*2C)/12

Standard uncertainty (i.e., estimated standard
deviation) of an estimated value z; of a quantity
X; (also simply u)

Covariance of estimated values z; and x;
Standard uncertainty of the difference x; — x;:
udip = u? (@) + u(z;) — 2u(zi, ;)

Relative standard uncertainty of an estimated
value z; of a quantity X;:

ur (i) = u(zi)/|xi], xs # 0 (also simply )
Relative covariance of estimated values x; and z;:
ur (T, 25) = u(zi, ;) /(Tiz;)

Molar volume of naturally occurring silicon

D. I. Mendeleyev All-Russian Research Institute
for Metrology, St. Petersburg, Russian Federation



Voo Conventional unit of voltage based on the Joseph-
son effect and Kjy_g9: Voo = (Kjfg()/KJ) Vv

WGAC Working Group on the Avogadro Constant of the
CIPM Consultative Committee for Mass and Re-
lated Quantities (CCM)

Woo Conventional unit of power: Wyg = V920 /290

XROI Combined x-ray and optical interferometer

xu(CuKa;) Cu x unit: A(CuKoa;) = 1537.400 xu(CuKa;)

xu(MoKa;) Mo x unit: A(MoKoa1) = 707.831 xu(MoKoa )

z(X) Amount-of-substance fraction of X

YAG Yttrium aluminium garnet; YsAl5012

Yale; YaleU Yale University, New Haven, Connecticut, USA

@ Fine-structure constant: a = e?/4Teohc ~ 1/137

a Alpha particle (nucleus of *He)

I _go(lo)  I'x_go(l0) = (vx Ago) A™', X =porh

I _go(hi) Iy go(hi) = (v;/As0) A

Yo Proton gyromagnetic ratio: v, = 2up/h

Vh Shielded proton gyromagnetic ratio: ~;, = 2u;, /R

Yo Shielded helion gyromagnetic ratio: v, = 2|uy|/h

Avny Muonium ground-state hyperfine splitting

de Additive correction to the theoretical expression
for the electron magnetic moment anomaly a.

OMu Additive correction to the theoretical expression
for the ground-state hyperfine splitting of muon-
ium Avvu

Op He Additive correction to the theoretical expression
for a particular transition frequency of antipro-
tonic helium

0x (nLy) Additive correction to the theoretical expression
for an energy level of either hydrogen H or deu-
terium D with quantum numbers n, L, and j

o Additive correction to the theoretical expression
for the muon magnetic moment anomaly ay

€0 Electric constant: eg = 1/u002

AM(X Kai) Wavelength of Koy x-ray line of element X

Ameas Measured wavelength of the 2.2 MeV capture -

ray emitted in the reaction n + p — d + v

M Symbol for either member of the muon-antimuon
pair; when necessary, i~ or P is used to indicate
the negative muon or positive muon

UB Bohr magneton: ug = eh/2me.
UN Nuclear magneton: un = eh/2my
ux(Y) Magnetic moment of particle X in atom or

molecule Y.
o Magnetic constant: po = 4T x 1077 N/A?
Magnetic moment, or shielded magnetic moment,
of particle X
v Degrees of freedom of a particular adjustment

v(fp) Difference between muonium hyperfine splitting
Zeeman transition frequencies vs34 and vi2 at a
magnetic flux density B corresponding to the free
proton NMR frequency fp

o Stefan-Boltzmann constant: o = 21°k*/(15h%c?)

T Symbol for either member of the tau-antitau pair;

when necessary, T~ or TV is used to indicate the
negative tau or positive tau
X The statistic “chi square”
Conventional unit of resistance based on the quan-
tum Hall effect and Rx—g0 : {200 = (Rx/Rk—90)
= Symbol used to relate an input datum to its ob-
servational equation

I. INTRODUCTION
A. Background

This paper gives the complete 2006 CODATA self-
consistent set of recommended values of the fundamental
physical constants and describes in detail the 2006 least-
squares adjustment, including the selection of the final
set of input data based on the results of least-squares
analyses. Prepared under the auspices of the CODATA
Task Group on Fundamental Constants, this is the fifth
such report of the Task Group since its establishment
in 1969 ! and the third in the four-year cycle of reports
begun in 1998. The 2006 set of recommended values re-
places its immediate predecessor, the 2002 set. The clos-
ing date for the availability of the data considered for
inclusion in this adjustment was 31 December 2006. As
a consequence of the new data that became available in
the intervening four years there has been a significant re-
duction of the uncertainty of many constants. The 2006
set of recommended values first became available on 29
March 2007 at http://physics.nist.gov/constants, a Web
site of the NIST Fundamental Constants Data Center
(FCDC).

The 1998 and 2002 reports describing the 1998 and
2002 adjustments (Mohr and Taylor, 2000, 2005), re-
ferred to as CODATA-98 and CODATA-02 throughout
this article, describe in detail much of the currently avail-
able data, its analysis, and the techniques used to obtain
a set of best values of the constants using the standard
method of least squares for correlated input data. This
paper focuses mainly on the new information that has be-
come available since 31 December 2002 and references the
discussions in CODATA-98 and CODATA-02 for earlier
work in the interest of brevity. More specifically, if a po-
tential input datum is not discussed in detail, the reader
can assume that it (or a closely related datum) has been
reviewed in either CODATA-98 or CODATA-02.

The reader is also referred to these papers for a discus-
sion of the motivation for and the philosophy behind the
periodic adjustment of the values of the constants and
for descriptions of how units, quantity symbols, numeri-
cal values, numerical calculations, and uncertainties are
treated, in addition to how the data are characterized, se-
lected, and evaluated. Since the calculations are carried
out with more significant figures than are displayed in the
text to avoid rounding errors, data with more digits are
available on the FCDC Web site for possible independent
analysis.

However, because of their importance, we recall in de-
tail the following two points also discussed in these ref-
erences. First, although it is generally agreed that the

1 The Committee on Data for Science and Technology was estab-
lished in 1966 as an interdisciplinary committee of the Interna-
tional Council for Science.



correctness and over-all consistency of the basic theo-
ries and experimental methods of physics can be tested
by comparing values of particular fundamental constants
obtained from widely differing experiments, throughout
this adjustment, as a working principle, we assume the
validity of the physical theory that necessarily underlies
it. This includes special relativity, quantum mechanics,
quantum electrodynamics (QED), the Standard Model
of particle physics, including combined charge conjuga-
tion, parity inversion, and time reversal (CPT) invari-
ance, and the theory of the Josephson and quantum Hall
effects, especially the exactness of the relationships be-
tween the Josephson and von Klitzing constants Kj and
Rk and the elementary charge e and Planck constant
h. In fact, tests of these relations, Ky = 2e/h and
Rk = h/e?, using the input data of the 2006 adjustment
are discussed in Sec. XII.B.2.

The second point has to do with the 31 December 2006
closing date for data to be considered for inclusion in the
2006 adjustment. A datum was considered to have met
this date, even though not yet reported in an archival
journal, as long as a description of the work was available
that allowed the Task Group to assign a valid standard
uncertainty u(z;) to the datum. Thus, any input datum
labeled with an “07” identifier because it was published
in 2007 was, in fact, available by the cutoff date. Also,
some references to results that became available after the
deadline are included, even though they were not used in
the adjustment.

B. Time variation of the constants

This subject, which was briefly touched upon in
CODATA-02, continues to be an active field of exper-
imental and theoretical research, because of its impor-
tance to our understanding of physics at the most fun-
damental level. Indeed, a large number of papers rele-
vant to the topic have appeared in the last four years;
see the FCDC bibliographic database on the funda-
mental constants using the keyword “time variation” at
http://physics.nist.gov/constantsbib. For example, see
Fortier et al. (2007); Lea (2007). However, there has
been no laboratory observation of time dependence of
any constant that might be relevant to the recommended
values.

C. OQOutline of paper

Section II touches on special quantities and units, that
is, those that have exact values by definition.

Sections ITI-XI review all of the available experimental
and theoretical data that might be relevant to the 2006
adjustment of the values of the constants. As discussed
in Appendix E of CODATA-98, in a least squares anal-
ysis of the fundamental constants the numerical data,
both experimental and theoretical, also called observa-

tional data or input data, are expressed as functions of
a set of independent variables called adjusted constants.
The functions that relate the input data to the adjusted
constants are called observational equations, and the least
squares procedure provides best estimated values, in the
least squares sense, of the adjusted constants. The fo-
cus of the review-of-data sections is thus the identifica-
tion and discussion of the input data and observational
equations of interest for the 2006 adjustment. Although
not all observational equations that we use are explicitly
given in the text, all are summarized in Tables XXXVIII,
XL, and XLIT of Sec. XII.B.

As part of our discussion of a particular datum, we
often deduce from it an inferred value of a constant, such
as the fine-structure constant a or Planck constant h. It
should be understood, however, that these inferred values
are for comparison purposes only; the datum from which
it is obtained, not the inferred value, is the input datum
in the adjustment.

Although just 4 years separate the 31 December clos-
ing dates of the 2002 and 2006 adjustments, there are
a number of important new results to consider. Experi-
mental advances include the 2003 Atomic Mass Evalua-
tion from the Atomic Mass Data Center (AMDC) that
provides new values for the relative atomic masses A;(X)
of a number of relevant atoms; a new value of the elec-
tron magnetic moment anomaly a. from measurements
on a single electron in a cylindrical penning trap that
provides a value of the fine-structure constant «; better
measurements of the relative atomic masses of 2H, 3H,
and *He; new measurements of transition frequencies in
antiprotonic helium (p“4He* atom) that provide a com-
petitive value of the relative atomic mass of the electron
A;(e); improved measurements of the nuclear magnetic
resonance (NMR) frequencies of the proton and deuteron
in the HD molecule and of the proton and triton in the
HT molecule; a highly accurate value of the Planck con-
stant obtained from an improved measurement of the
product K}RK using a moving-coil watt balance; new
results using combined x-ray and optical interferometers
for the {220} lattice spacing of single crystals of natu-
rally occurring silicon; and an accurate value of the quo-
tient h/m(8"Rb) obtained by measuring the recoil veloc-
ity of rubidium-87 atoms upon absorption or emission
of photons—a result that provides an accurate value of
« that is virtually independent of the electron magnetic
moment anomaly.

Theoretical advances include improvements in certain
aspects of the theory of the energy levels of hydrogen
and deuterium; improvements in the theory of antipro-
tonic helium transition frequencies that, together with
the new transition frequency measurements, have led to
the aforementioned competitive value of A.(e); a new
theoretical expression for a. that, together with the new
experimental value of ae, has led to the aforementioned
value of «; improvements in the theory of the g-factor of
the bound electron in hydrogenic ions with nuclear spin
quantum number ¢ = 0 relevant to the determination of



A, (e); and improved theory of the ground state hyperfine
splitting of muonium Awyy, (the pte™ atom).

Section XII describes the analysis of the data, with
the exception of the Newtonian constant of gravitation
which is analyzed in Sec. X. The consistency of the data
and potential impact on the determination of the 2006
recommended values were appraised by comparing mea-
sured values of the same quantity, comparing measured
values of different quantities through inferred values of a
third quantity such as « or h, and finally by using the
method of least squares. Based on these investigations,
the final set of input data used in the 2006 adjustment
was selected.

Section XIII provides, in several tables, the 2006
CODATA recommended values of the basic constants and
conversion factors of physics and chemistry, including the
covariance matrix of a selected group of constants.

Section XIV concludes the paper with a comparison of
the 2006 and 2002 recommended values of the constants,
a survey of implications for physics and metrology of the
2006 values and adjustment, and suggestions for future
work that can advance our knowledge of the values of the
constants.

1. SPECIAL QUANTITIES AND UNITS

Table T lists those special quantities whose numerical
values are exactly defined. In the International System
of Units (SI) (BIPM, 2006), which we use throughout
this paper, the definition of the meter fixes the speed
of light in vacuum ¢, the definition of the ampere fixes
the magnetic constant (also called the permeability of
vacuum) fio, and the definition of the mole fixes the molar
mass of the carbon 12 atom M ('2C) to have the exact
values given in the table. Since the electric constant (also
called the permittivity of vacuum) is related to ug by
€0 = 1/p0c?, it too is known exactly.

The relative atomic mass A,(X) of an entity X is de-
fined by A,(X) = m(X)/m,, where m(X) is the mass of
X and m, is the atomic mass constant defined by

my = %m(u(}) =1u~1.66x 107% kg, (1)
where m(12C) is the mass of the carbon 12 atom and u is
the unified atomic mass unit (also called the dalton, Da).
Clearly, A,(X) is a dimensionless quantity and 4, (*2C) =
12 exactly. The molar mass M (X) of entity X, which is
the mass of one mole of X with SI unit kg/mol, is given
by

M(X) = Nam(X) = A:(X) My, (2)

where No ~ 6.02 x 10%3/mol is the Avogadro constant
and M, = 1073 kg/mol is the molar mass constant. The
numerical value of N is the number of entities in one
mole, and since the definition of the mole states that one

mole contains the same number of entities as there are in
0.012 kg of carbon 12, M (*2C) = 0.012 kg/mol exactly.

The Josephson and quantum Hall effects have played
and continue to play important roles in adjustments of
the values of the constants, because the Josephson and
von Klitzing constants Kj and Ry, which underlie these
two effects, are related to e and h by

2e R hf@

K=y B=a=% ®)
Although we assume these relations are exact, and no
evidence—either theoretical or experimental-——has been
put forward that challenges this assumption, the conse-
quences of relaxing it are explored in Sec. XII.B.2. Some
references to recent work related to the Josephson and
quantum Hall effects may be found in the FCDC biblio-
graphic database (see Sec. I.B).

The next-to-last two entries in Table I are the conven-
tional values of the Josephson and von Klitzing constants
adopted by the International Committee for Weights and
Measures (CIPM) and introduced on 1 January 1990 to
establish worldwide uniformity in the measurement of
electrical quantities. In this paper, all electrical quanti-
ties are expressed in SI units. However, those measured
in terms of the Josephson and quantum Hall effects with
the assumption that Kj and Rk have these conventional
values are labeled with a subscript 90.

For high-accuracy experiments involving the force of
gravity, such as the watt-balance, an accurate measure-
ment of the local acceleration of free fall at the site of the
experiment is required. Fortunately, portable and easy-
to-use commercial absolute gravimeters are available that
can provide a local value of g with a relative standard un-
certainty of a few parts in 10°. That these instruments
can achieve such a small uncertainty if properly used is
demonstrated by a periodic international comparison of
absolute gravimeters (ICAG) carried out at the Interna-
tional Bureau of Weights and Measures (BIPM), Sévres,
France; the seventh and most recent, denoted ICAG-
2005, was completed in September 2005 (Vitushkin et
al., 2005); the next is scheduled for 2009. In the future,
atom interferometry or Bloch oscillations using ultracold
atoms could provide a competitive or possibly more ac-
curate method for determining a local value of g (Cladé
et al., 2005; McGuirk et al., 2002; Peters et al., 2001).

I1l. RELATIVE ATOMIC MASSES

Included in the set of adjusted constants are the rel-
ative atomic masses A;(X) of a number of particles,
atoms, and ions. Tables II-VI and the following sections
summarize the relevant data.

A. Relative atomic masses of atoms
Most values of the relative atomic masses of neu-

tral atoms used in this adjustment are taken from the
2003 atomic mass evaluation (AME2003) of the Atomic



TABLE I Some exact quantities relevant to the 2006 adjustment.

Quantity Symbol Value

speed of light in vacuum ¢, Co 299792458 m s~ !

magnetic constant 1o 4Ttx 107" N A™2 = 12.566 370614... x 1077 N A2
electric constant €0 (/1002)71 =8.854187817... x 1072 Fm™!
relative atomic mass of 2C A (F20) 12

molar mass constant My 1073 kg mol ™!

molar mass of 12C A,(*2C) M, M(*2C) 12 x 1072 kg mol ™!

conventional value of Josephson constant Kj_90 483597.9 GHz V!

conventional value of von Klitzing constant Rk 90 25812.807 2

Mass Data Center, Centre de Spectrométrie Nucléaire
et de Spectrométrie de Masse (CSNSM), Orsay, France
(AMDC, 2006; Audi et al., 2003; Wapstra et al., 2003).
The results of AME2003 supersede those of both the 1993
atomic mass evaluation and the 1995 update. Table II
lists the values from AME2003 of interest here, while Ta-
ble III gives the covariance for hydrogen and deuterium
(AMDC, 2003). Other non-negligible covariances of these
values are discussed in the appropriate sections.

Table IV gives six values of A;(X) relevant to the 2006
adjustment reported since the completion and publica-
tion of AME2003 in late 2003 that we use in place of the
corresponding values in Table II.

The 3H and 3He values are those reported by the
SMILETRAP group at the Manne Siegbahn Laboratory
(MSL), Stockholm, Sweden (Nagy et al., 2006), using a
Penning trap and a time of flight technique to detect
cyclotron resonances. This new 3He result is in good
agreement with a more accurate, but still preliminary,
result from the University of Washington group in Seat-
tle, USA (Van Dyck, 2006). The AME2003 values for 3H
and 3He were influenced by an earlier result for *He from
the University of Washington group which is in disagree-
ment with their new result.

The values for “He and 'O are those reported by the
University of Washington group (Van Dyck et al., 2006)
using their improved mass spectrometer; they are based
on a thorough reanalysis of data that yielded preliminary
results for these atoms which were used in AME2003.
They include an experimentally determined image-charge
correction with a relative standard uncertainty u, = 7.9 x
10~!2 in the case of *He and u, = 4.0 x 10712 in the
case of 0. The value of A,(?H) is also from this group
and is a near-final result based on the analysis of ten
runs carried out over a 4 year period (Van Dyck, 2006).
Because the result is not yet final, the total uncertainty is
conservatively assigned; u, = 9.9 x 10712 for the image-
charge correction. This value of A,(?H) is consistent with
the preliminary value reported by Van Dyck et al. (2006)
based on the analysis of only three runs.

The covariance and correlation coefficient of A,(*H)
and A,(3He) given in Table V are due to the common
component of uncertainty u, = 1.4 x 107!0 of the rel-
ative atomic mass of the Hj reference ion used in the
SMILETRAP measurements; the covariances and corre-

lation coefficients of the University of Washington values
of A;(?H), A,;(*He), and A,(*®0) given in Table VI are
due to the uncertainties of the image-charge corrections,
which are based on the same experimentally determined
relation.

The 2°Si value is that implied by the ratio
AL (PSit) /A (?8Si HY)= 0.999 715 124 1812(65) obtained
at the Massachusetts Institute of Technology (MIT),
Cambridge, USA, using a recently developed technique
of determining mass ratios by directly comparing the cy-
clotron frequencies of two different ions simultaneously
confined in a Penning trap (Rainville et al., 2005). (The
relative atomic mass work of the MIT group has now
been transferred to Florida State University, Tallahas-
see, USA.) This approach eliminates many components
of uncertainty arising from systematic effects. The value
for A,(?Si) is given in the Supplementary Information
to Rainville et al. (2005) and has a significantly smaller
uncertainty than the corresponding AME2003 value.

B. Relative atomic masses of ions and nuclei

The relative atomic mass A,(X) of a neutral atom X
is given in terms of the relative atomic mass of an ion of
the atom formed by the removal of n electrons by

A(X) = A(X"T) +nA(e)
_B(X) -~ By(X™T)

My Cc?

(4)

Here Ey,(X)/myc? is the relative-atomic-mass equivalent
of the total binding energy of the Z electrons of the atom,
where Z is the atomic number (proton number), and
Ep (X)) /myc? is the relative-atomic-mass-equivalent of
the binding energy of the Z — n electrons of the X""
ion. For a fully stripped atom, that is, for n = Z, X4+
is N, where N represents the nucleus of the atom, and
Ep(X%%)/myc? = 0, which yields the first few equations
of Table XL in Sec. XII.B.

The binding energies E}, used in this work are the same
as those used in the 2002 adjustment; see Table IV of
CODATA-02. For tritium, which is not included there,
we use the value 1.097 185439 x 107 m~! (Kotochigova,
2006). The uncertainties of the binding energies are neg-
ligible for our application.



TABLE IT Values of the relative atomic masses of the neutron
and various atoms as given in the 2003 atomic mass evaluation
together with the defined value for *2C.

TABLE IV Values of the relative atomic masses of various
atoms that have become available since the 2003 atomic mass
evaluation.

Atom Relative atomic Relative standard
mass A (X) uncertainty u,
H 2.014 101 778 040(80) 4.0 x 107
SH 3.016 049 2787(25) 8.3 x 1071
SHe 3.016 029 3217(26) 8.6 x 1071
‘He 4.002 603 254 131(62) 1.5 x 1071
150 15.994 914 619 57(18) 1.1 x 107
298i 28.976 494 6625(20) 6.9 x 107

Atom Relative atomic Relative standard
mass A, (X) uncertainty uy,
n 1.008 664 915 74(56) 5.6 x 10710
" 1.007 825 032 07(10) 1.0 x 10710
0 2.014 101 777 85(36) 1.8 x 1071
0 3.016 049 2777(25) 8.2x 1071
3He 3.016 029 3191(26) 8.6 x 10710
‘He 4.002 603 254 153(63) 1.6 x 1071
12¢ 12 (exact)
150 15.994 914 619 56(16) 1.0 x 1071
2gi 27.976 926 5325(19) 6.9 x 107
298i 28.976 494 700(22) 7.6 x 10710
3084 29.973 770 171(32) 1.1 x107°
36 Ar 35.967 545 105(28) 7.8 x 1071
BAr 37.962 732 39(36) 9.5 x 107°
10Ar 39.962 383 1225(29) 72x 1071
5Rb 86.909 180 526(12) 1.4 x 1071
07 Ag 106.905 0968(46) 4.3 %1078
19Ag 108.904 7523(31) 2.9 x 1078
13305 132.905 451 932(24) 1.8 x 10710

TABLE III The variances, covariance, and correlation coeffi-
cient of the AME2003 values of the relative atomic masses of
hydrogen and deuterium. The number in bold above the main
diagonal is 10"® times the numerical value of the covariance;
the numbers in bold on the main diagonal are 10'® times the
numerical values of the variances; and the number in italics
below the main diagonal is the correlation coefficient.

A.(*H) A.(’H)
(*H)| 0.0107 0.0027
H) | 0.0785 0.1272

C. Cyclotron resonance measurement of the electron
relative atomic mass A, (e)

A value of A, (e) is available from a Penning-trap mea-
surement carried out by the University of Washington
group (Farnham et al., 1995); it is used as an input datum
in the 2006 adjustment, as it was in the 2002 adjustment:

Ar(e) = 0.0005485799111(12)  [2.1x107% . (5)

IV. ATOMIC TRANSITION FREQUENCIES

Atomic transition frequencies in hydrogen, deuterium,
and anti-protonic helium yield information on the Ryd-
berg constant, the proton and deuteron charge radii, and
the relative atomic mass of the electron. The hyperfine
splitting in hydrogen and fine-structure splitting in he-
lium do not yield a competitive value of any constant at
the current level of accuracy of the relevant experiment

TABLE V The variances, covariance, and correlation coeffi-
cient of the values of the SMILETRAP relative atomic masses
of tritium and helium three. The number in bold above the
main diagonal is 10'® times the numerical value of the co-
variance; the numbers in bold on the main diagonal are 108
times the numerical values of the variances; and the number
in italics below the main diagonal is the correlation coefficient.

A.(*H) A,(*He)
(°H) | 6.2500 0.1783
3He)| 0.0274 6.7600

and/or theory. All of these topics are discussed in this
section.

A. Hydrogen and deuterium transition frequencies, the
Rydberg constant R, and the proton and deuteron
charge radii Ry, R4

The Rydberg constant is related to other constants by
the definition

o MeC

Ro =
2h

(6)

It can be accurately determined by comparing measured
resonant frequencies of transitions in hydrogen (H) and
deuterium (D) to the theoretical expressions for the en-
ergy level differences in which it is a multiplicative factor.

TABLE VI The variances, covariances, and correlation coef-
ficients of the University of Washington values of the relative
atomic masses of deuterium, helium 4, and oxygen 16. The
numbers in bold above the main diagonal are 10%° times the
numerical values of the covariances; the numbers in bold on
the main diagonal are 10?° times the numerical values of the
variances; and the numbers in italics below the main diagonal
are the correlation coefficients.

A.(’H) A:.(*He) A,(*°0)
A,(’H)| 0.6400 0.0631 0.1276

‘He)| 0.1271 0.3844 0.2023
0.0886 0.1813 3.2400




1. Theory relevant to the Rydberg constant

The theory of the energy levels of hydrogen and deu-
terium atoms relevant to the determination of the Ryd-
berg constant R, based on measurements of transition
frequencies, is summarized in this section. Complete in-
formation necessary to determine the theoretical values
of the relevant energy levels is provided, with an emphasis
on results that have become available since the previous
adjustment described in CODATA-02. For brevity, refer-
ences to earlier work, which can be found in Eides et al.
(2001b), for example, are not included here.

An important consideration is that the theoretical val-
ues of the energy levels of different states are highly cor-
related. For example, for S states, the uncalculated terms
are primarily of the form of an unknown common con-
stant divided by n3. This fact is taken into account by
calculating covariances between energy levels in addition
to the uncertainties of the individual levels as discussed
in detail in Sec. IV.A.1.l. In order to take these corre-
lations into account, we distinguish between components
of uncertainty that are proportional to 1/n3, denoted by
ug, and components of uncertainty that are essentially
random functions of n, denoted by u,,.

The energy levels of hydrogen-like atoms are deter-
mined mainly by the Dirac eigenvalue, QED effects such
as self energy and vacuum polarization, and nuclear size
and motion effects, all of which are summarized in the
following sections.

a. Dirac eigenvalue The binding energy of an electron in
a static Coulomb field (the external electric field of a
point nucleus of charge Ze with infinite mass) is deter-
mined predominantly by the Dirac eigenvalue

Ep = f(n,j) mec? , (7)
where
Q)2 1712
sy = |14 2] 0

n and j are the principal quantum number and total
angular momentum of the state, respectively, and

d=j+3-[(+3)°~(Za)?] (9)
Although we are interested only in the case where the
nuclear charge is e, we retain the atomic number Z in
order to indicate the nature of various terms.

Corrections to the Dirac eigenvalue that approximately
take into account the finite mass of the nucleus my are
included in the more general expression for atomic energy

levels, which replaces Eq. (7) (Barker and Glover, 1955;
Sapirstein and Yennie, 1990):

1/2

m202
Ear = Mc+ [f(n, ) — mec® = [f(n,5) — 12222
1—3dp (Za)*m}c? . (10)

k(20 +1) 2n3m

where [ is the nonrelativistic orbital angular momentum
quantum number, x is the angular-momentum-parity
quantum number £ = (—1)77H1/2(j 4 ), M = me+mn,
and m, = memn/(me + my) is the reduced mass.

b. Relativistic recoil Relativistic corrections to Eq. (10)
associated with motion of the nucleus are considered
relativistic-recoil corrections. The leading term, to low-
est order in Za and all orders in me/my, is (Erickson,
1977; Sapirstein and Yennie, 1990)

3 5

m Ao’

Es = 5 r 2 Mec?
mamy T

3

_ﬁ&o {mQNIH (%) —mzln(zlj)} },

e (11)

X{%&o In(Za) ™2 — %lnko(n,l) — %510 — Za,

where

2 "1 1
anp = -2 [ln(g)+;;+1—%‘| 6[0
1—0dp0

HESCESIR (12)

To lowest order in the mass ratio, higher-order cor-
rections in Za have been extensively investigated; the
contribution of the next two orders in Za is

me (Za))® 9

EFr = — 7 MeC
mN n

X [DGO + D72ZO[1D2 (ZOé)i2 + -

], (13)

where for nS;/, states (Eides and Grotch, 1997c;
Pachucki and Grotch, 1995)

7
DGO = 41112—5 (14)

and (Melnikov and Yelkhovsky, 1999; Pachucki and
Karshenboim, 1999)

11

D7y = —
72 6071 )

(15)

and for states with { > 1 (Elkhovskii, 1996; Golosov et al.,
1995; Jentschura and Pachucki, 1996)

I(0+1) 2
n2 ] AP -2 +3)

Do = {3_ (16)

In Eq. (16) and subsequent discussion, the first subscript
on the coefficient of a term refers to the power of Za
and the second subscript to the power of In(Za)~2. The
relativistic recoil correction used in the 2006 adjustment
is based on Egs. (11) to (16). The estimated uncertainty
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for S states is taken to be 10 % of Eq. (13), and for states
with [ > 1, it is taken to be 1 % of that equation.
Numerical values for the complete contribution of
Eq. (13) to all orders in Za have been obtained by
(Shabaev et al., 1998). Although the difference between
the all-orders calculation and the truncated power series
for S states is about three times their quoted uncertainty,
the two results are consistent within the uncertainty as-
signed here. The covariances of the theoretical values
are calculated by assuming that the uncertainties are
predominately due to uncalculated terms proportional to

(me/mn)/n3.

c. Nuclear polarization Interactions between the atomic
electron and the nucleus which involve excited states
of the nucleus give rise to nuclear polarization correc-
tions. For hydrogen, we use the result (Khriplovich and
Sen’kov, 2000)

Ep(H) = —0.070(13)11% kHz . (17)

For deuterium, the sum of the proton polarizability, the
neutron polarizability (Khriplovich and Sen’kov, 1998),
and the dominant nuclear structure polarizability (Friar
and Payne, 1997a), gives

Ep(D) = —21.37(8)h% kHz . (18)

We assume that this effect is negligible in states of higher
l.

d. Self energy The one-photon electron self energy is
given by

a(Za)t

EY) = = F(Za)mec® (19)

n3
where
F(Za) = Ay In(Za)™2 4 Ay + Aso (Za)
+Ag2 (Za)?In*(Za) ™2 + Ag1 (Za)? In(Za) ™2
+Gse(Za) (Za)* . (20)

From Erickson and Yennie (1965) and earlier papers cited
therein,

Ay = 300
1
Ao = —Snko(n, D)+ Lo — — (1 -
40 5 Inko(n, 1) + < dio 21%(2“_1)( d10)
A50 = (%—21D2) T[(Slo (21)
Ag2 = —dio

1 1

2
Ag = {4<1+§+...+ )+?81n2—41nn

n

601 7 1 2 1
- e o0 (175) (30 o

96n2 — 320(1 + 1) (1 — b0)
3n2(20 — 1)(21) (20 + 1)(20 + 2)(21 + 3) o)

TABLE VII Bethe logarithms In ko(n,!) relevant to the de-
termination of Reo.

S P D

2.984 128 556
2.811 769893
2.767663 612
2.749 811 840
2.735664 207
2.730267 261

—0.030016 709
—0.041 954 895 —0.006 740 939
—0.008 147204
—0.008 785 043
—0.009 342 954

—
50O WS

The Bethe logarithms In ky(n, 1) in Eq. (21) are given in
Table VII (Drake and Swainson, 1990).

The function Gsg(Z«) in Eq. (20) is the higher-order
contribution (in Za) to the self energy, and the values for
Gsg(a) that we use here are listed in Table VIII. For S
and P states with n < 4 the values in the table are based
on direct numerical evaluations by Jentschura and Mohr
(2004, 2005); Jentschura et al. (1999, 2001). The values
of Ggg () for the 6S and 8S states are based on the low-
Z limit of this function Gsg(0) = Agp (Jentschura et al.,
2005a) together with extrapolations of the results of com-
plete numerical calculations of F(Za) [see Eq. (20)] at
higher Z (Kotochigova and Mohr, 2006). The values of
Gsg(a) for D states are from Jentschura et al. (2005b)

The dominant effect of the finite mass of the nucleus on
the self energy correction is taken into account by mul-
tiplying each term of F(Za) by the reduced-mass fac-
tor (my/me)3, except that the magnetic moment term
—1/[2k(2141)] in Ayp is instead multiplied by the factor
(my/me)?. In addition, the argument (Za)~2 of the log-
arithms is replaced by (me/m;)(Za)~? (Sapirstein and
Yennie, 1990).

The uncertainty of the self energy contribution to a
given level arises entirely from the uncertainty of Gsg(«)
listed in Table VIII and is taken to be entirely of type
Up.

e. Vacuum polarization The second-order vacuum-
polarization level shift is
4
@2 _ a(Za) 2
Eyp = i H(Za) mec” (22)

where the function H(Z«) is divided into the part cor-
responding to the Uehling potential, denoted here by
H®)(Za), and the higher-order remainder H®™)(Za),

where

HY(Za) = Vig+ Vso (Za) + Ve (Za)? In(Za) ™2

+G(Za) (Za)? (23)
H®(Za) = GN(Za) (Za)? (24)



TABLE VIII Values of the function Gsg(«).
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n S1/2 Py Ps3/o D3/ D5/
1 —30.290 240(20)
2 —31.185150(90) —0.97350(20)  —0.486 50(20)
3 —31.047 70(90)
4 —30.9120(40) —1.1640(20)  —0.6090(20) 0.031 63(22)
6 —30.711(47) 0.034 17(26)
8  —30.606(47) 0.007940(90)  0.034 84(22)
12 0.0080(20) 0.0350(30)
with where the uncertainty is of type uyg.
4 The muonic and hadronic vacuum polarization contri-
Vio = 15 d10 butions are negligible for P and D states.
5
Vso = @Tﬂsw (25)
9 f. Two-photon corrections Corrections from two virtual
Vo1 = - 810 - photons have been partially calculated as a power series

The part Gg}%(Za) arises from the Uehling potential
with values given in Table IX (Kotochigova et al., 2002;

Mohr, 1982). The higher-order remainder GQ,F;)(Z «) has
been considered by Wichmann and Kroll, and the leading
terms in powers of Za are (Mohr, 1975, 1983; Wichmann
and Kroll, 1956)

19 T8
G%F;)(Za) = (R - f) d10
( 1 31

Higher-order terms omitted from Eq. (26) are negligible.

In a manner similar to that for the self energy, the
leading effect of the finite mass of the nucleus is taken into
account by multiplying Eq. (22) by the factor (m,/me)?
and including a multiplicative factor of (m./m;) in the
argument of the logarithm in Eq. (23).

There is also a second-order vacuum polarization level
shift due to the creation of virtual particle pairs other
than the e”e™ pair. The predominant contribution for
nS states arises from uu~, with the leading term being
(Eides and Shelyuto, 1995; Karshenboim, 1995)

2 3

@ _a(Za) (4N (me\" (m: )

EHVP_ ™ n3 15 my Me mecC” .
(27)

The next order term in the contribution of muon vacuum
polarization to nS states is of relative order Zam./m,
and is therefore negligible. The analogous contribution
ET(%)P from 171~ (—18 Hz for the 1S state) is also negli-
gible at the level of uncertainty of current interest.

For the hadronic vacuum polarization contribution, we
take the result given by Friar et al. (1999) that utilizes
all available eTe™ scattering data:

2 2
B2 yp = 0.671(15)Ep (28)

in Zo:

EW = me?FM (Za) |

(2)" 2 (29)

T n3

where

FW(Za) = Bag + Bso (Za) + Bgs (Za)? In®(Za) ™2
+Bgy (Za)? In?(Za) 2
+Bg1 (Za)? In(Za) ™2 + Bego (Za)?
4+ (30)

The leading term Byg is well known:

10 2179 9
2o - - Zc(?»)} 510
™2 T 197 3¢(3)] 1-dp
[ 2 _E_M_T] W)
(31)

The second term is (Eides et al., 1997; Eides and She-
lyuto, 1995; Pachucki, 1993a, 1994)
Bsy = —21.5561(31)dy0 , (32)

and the next coefficient is (Karshenboim, 1993; Manohar
and Stewart, 2000; Pachucki, 2001; Yerokhin, 2000)

8
Bgs = ——d10 -
63 27510 (33)
For S states the coefficient Bgs is given by
16 [ 71 1 1
Bgo = E @—1n2+7+@/1(n)—1nn— E‘FW R
(34)

where v = 0.577... is Euler’s constant and 1 is the psi
function (Abramowitz and Stegun, 1965). The difference
Bga(1) — Bga(n) was calculated by Karshenboim (1996)
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TABLE IX Values of the function Gi}% ().

n S1/2 P/ P3/2 D32 Ds/z

1 —0.618 724

2 —0.808 872 —0.064 006 —0.014 132

3 —0.814 530

4 —0.806 579 —0.080 007 —0.017 666 —0.000 000
6 —0.791 450 —0.000 000
8 —0.781 197 —0.000 000 —0.000 000
12 —0.000 000 —0.000 000

and confirmed by Pachucki (2001) who also calculated
the n-independent additive constant. For P states the
calculated value is (Karshenboim, 1996)

4n%-1
27 n?
This result has been confirmed by Jentschura and
Néndori (2002) who also show that for D and higher an-
gular momentum states Bga = 0.

Recent work has led to new results for Bg; and higher-
order coefficients. In Jentschura et al. (2005a) an ad-
ditional state-independent contribution to the coefficient
Bgy for S states is given, which slightly differs (2 %) from
the earlier result of Pachucki (2001) quoted in CODATA
2002. The revised coefficient for S states is

413581 4N(nS) N 20271 616 In2
64 800 3 864 135
212 In 2 N 401n%2 @)+ <304 32 1n2)
3 9 135 9

Bgo = (35)

Bgr =

3y v +9(n) (36)

4

1 1+ 1
Clnn— - 4+ ——
n  4n?2| "’

where ( is the Riemann zeta function (Abramowitz and
Stegun, 1965). The coefficients N(nS) are listed in Ta-
ble X. The state-dependent part Bg1(nS) — Be1(1S) was
confirmed by Jentschura et al. (2005a) in their Eqgs. (4.26)
and (6.3). For higher-l states, Bg; has been calculated
by Jentschura et al. (2005a); for P states

4 n?—1 /166 8

BGl(nPl/Q) = g (nP) + T (4—05 - ﬁ 1n2) s (37)

n®—1/31 8

—— | ——=—=1n2 38
n2 (405 o7 )’( )

Bgl(nD) =0.

4
Be1(nP3/2) 3 N(nP) +

and for D states
(39)

The coefficient Bgy also vanishes for states with [ > 2.
The necessary values of N(nP) are given in Eq. (17) of
Jentschura (2003) and are listed in Table X.

The next term is Bgp, and recent work has also been
done for this contribution. For S states, the state depen-

dence is considered first, and is given by Czarnecki et al.
(2005); Jentschura et al. (2005a)

BGQ(TLS) — Bﬁo(lS) = bL(nS) — bL(ls) + A(?’L) N (40)

TABLE X Values of N used in the 2006 adjustment

N(nS) N(nP)
17.855 672 03(1)
12.032 141 58(1)
10.449 809(1)

9.722 413(1)
9.031832(1)
8.697639(1)

0.003 300 635(1)

—0.000 394 332(1)

00 Ok w3

where

38 4

Aln) = (45 31112) [N(nS) — N(19)]

337043 94261 902609
129600 21600n  129600n2

1 4
—6+—>ln22

13756n2> 2

3%132> ¢(2) n2
T S

13312) ®)

304

+ 135 n

35

_|_

8003

_|_

10
53

_|_

37 793
10 800

16 2o

(2
(5
(fosi
(@
(Tosi

B - 2<<3>) [+ () ~nn] . (41)

The term A(n) makes a small contribution in the range
0.3 to 0.4 for the states under consideration.

The two-loop Bethe logarithms by, in Eq. (40) are
listed in Table XI. The values for n = 1 to 6 are from
Jentschura (2004); Pachucki and Jentschura (2003), and
the value at n = 8 is obtained by extrapolation of the
calculated values from n = 4 to 6 [br(5S) = —60.6(8)]
with a function of the form

c

n(n+1)’ (42)

b
br(nS)=a+ — +
n



which yields

bi(nS) = —55.8 2—; (43)

It happens that the fit gives ¢ = 0. An estimate for Bgg
given by

Bgo(nS) = br(nS) + %N(nS) + (44)

was derived by Pachucki (2001). The dots represent
uncalculated contributions at the relative level of 15 %
(Pachucki and Jentschura, 2003). Equation (44) gives
Bgo(1S) = —61.6(9.2). However, more recently Yerokhin
et al. (2003, 2005a,b, 2007) have calculated the 1S-state
two-loop self energy correction for Z > 10. This is ex-
pected to give the main contribution to the higher-order
two-loop correction. Their results extrapolated to Z =1
yield a value for the contribution of all terms of order
Bgo or higher of —127 x (1£0.3), which corresponds to a
value of roughly Bgg = —129(39), assuming a linear ex-
trapolation from Z = 1 to Z = 0. This differs by about a
factor of two from the result given by Eq. (44). In view of
this difference between the two calculations, for the 2006
adjustment, we use the average of the two values with an
uncertainty that is half the difference, which gives

Beo(18) = —95.3(0.3)(33.7) . (45)

In Eq. (45), the first number in parentheses is the state-
dependent uncertainty ., (Bgo) associated with the two-
loop Bethe logarithm, and the second number in paren-
theses is the state-independent uncertainty uo(Bgp) that
is common to all S-state values of Bgg. Values of Bgg for
all relevant S-states are given in Table XI. For higher-
[ states, Bgo has not been calculated, so we take it
to be zero, with uncertainties wu,[Bgo(nP)] = 5.0 and
Un[Bgo(nD)] = 1.0. We assume that these uncertain-
ties account for higher-order P and D state uncertainties
as well. For S states, higher-order terms have been es-
timated by Jentschura et al. (2005a) with an effective
potential model. They find that the next term has a
coefficient of Bz, and is state independent. We thus as-
sume that the uncertainty uo[Bgo(nS)] is sufficient to ac-
count for the uncertainty due to omitting such a term
and higher-order state-independent terms. In addition,
they find an estimate for the state dependence of the next
term, given by

427 16
3 1 1
X Z——+42+7+¢(n)—lnn] (46)

with a relative uncertainty of 50 %. We include this ad-
ditional term, which is listed in Table XI, along with the
estimated uncertainty u,(Br71) = Br1/2.

The disagreement of the analytic and numerical calcu-
lations results in an uncertainty of the two-photon contri-
bution that is larger than the estimated uncertainty used
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TABLE XI Values of b1, Bso, and AB71 used in the 2006
adjustment

n bL(nS) BG()(TZS) AB71 (TLS)
1 —81.4(0.3)  —95.3(0.3)(33.7)

2 —66.6(0.3) —80.2(0.3)(33.7) 16(8)

3 —63.5(0.6) —77.0(0.6)(33.7) 22(11)
4 —61.8(0.8) —75.3(0.8)(33.7) 25(12)
6  —59.8(0.8) —73.3(0.8)(33.7) 28(14)
8  —58.8(2.0) —72.3(2.0)(33.7) 29(15)

in the 2002 adjustment. As a result, the uncertainties of
the recommended values of the Rydberg constant and
proton and deuteron radii are slightly larger in the 2006
adjustment, although the 2002 and 2006 recommended
values are consistent with each other. On the other hand,
the uncertainty of the 2P state fine structure is reduced
as a result of the new analytic calculations.

As in the case of the order « self-energy and vacuum-
polarization contributions, the dominant effect of the fi-
nite mass of the nucleus is taken into account by mul-
tiplying each term of the two-photon contribution by
the reduced-mass factor (m,/me)?, except that the mag-
netic moment term, the second line of Eq. (31), is in-
stead multiplied by the factor (m,/m¢)?. In addition,
the argument (Za)~2 of the logarithms is replaced by
(me/mu)(Zar) =2

g. Three-photon corrections The leading contribution
from three virtual photons is expected to have the form

B = (2) (Zo)'

~) T3 A [Cao+ Cs0(Za) + -] ,

in analogy with Eq. (29) for two photons. The leading
term Cyp is (Baikov and Broadhurst, 1995; Eides and
Grotch, 1995a; Laporta and Remiddi, 1996; Melnikov and
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van Ritbergen, 2000)

Cu = ~ 568as  85¢(5)

9 24

12112¢(3)  84071¢(3) 71 In*2
T2 C2304 27
239 In?2 4787 In2 15917t
T 135 T 108 3240
252251 T8 679441 5
T 9720 93312 |

100as  215¢(5)

-3 24

8312 ((3) 139¢(3) 25In*2
72 18 18
25T In?2 29812 In2 23971¢

8 9 2160
1710118 282597 1— 60
810 5184 |k(21+1)°

(48)

where ay = Y7 1/(2"n*) = 0.517479061 ... . Higher-
order terms have not been calculated, although partial
results have been obtained (Eides and Shelyuto, 2007).
An uncertainty is assigned by taking uo(Csp) = 30850
and u,(Cg3) = 1, where Cgs is defined by the usual con-
vention. The dominant effect of the finite mass of the
nucleus is taken into account by multiplying the term
proportional to §;9 by the reduced-mass factor (m,/me)3
and the term proportional to 1/[k(2l + 1)], the magnetic
moment term, by the factor (m,/m.)?.

The contribution from four photons is expected to be
of order

@G

which is about 10 Hz for the 1S state and is negligible at
the level of uncertainty of current interest.

h. Finite nuclear size At low Z, the leading contribution
due to the finite size of the nucleus is

E® = éxséio (50)
with
e 2 ’(Za)®> ([ ZaRy\> (51)
NS — 3 . n3 meC )(C )

where Ry is the bound-state root-mean-square (rms)
charge radius of the nucleus and X¢ is the Compton wave-
length of the electron divided by 21t The leading higher-
order contributions have been examined by Friar (1979b);
Friar and Payne (1997b); Karshenboim (1997) [see also
Borisoglebsky and Trofimenko (1979); Mohr (1983)]. The
expressions that we employ to evaluate the nuclear size

correction are the same as those discussed in more detail
in CODATA-98.

For S states the leading and next-order corrections are
given by

: R . Rn 7
Ens = 5NS{1—O,,%>(—CNZQ— {m <%%7a)

Lp(n) 4y - BN =D ce} <Za>2} ,

4n?
(52)

where C;, and Cy are constants that depend on the details
of the assumed charge distribution in the nucleus. The
values used here are C,, = 1.7(1) and Cy = 0.47(4) for
hydrogen or C,, = 2.0(1) and Cy = 0.38(4) for deuterium.
For the Py /5 states in hydrogen the leading term is

(Za)*(n* - 1)
4n? '

For P3/, states and D states the nuclear-size contribution
is negligible.

Ens = Eng (53)

i. Nuclear-size correction to self energy and vacuum polar-
ization For the self energy, the additional contribution
due to the finite size of the nucleus is (Eides and Grotch,
1997b; Milstein et al., 2002, 2003a; Pachucki, 1993b)

2
ENSE = <41D2 - 13) a(Za)gN5510 5 (54)

and for the vacuum polarization it is (Eides and Grotch,
1997b; Friar, 1979a, 1981; Hylton, 1985)

3
Enve = ZQ(ZQ)gNS(SlO . (55)

For the self-energy term, higher-order size corrections
for S states (Milstein et al., 2002) and size corrections
for P states have been calculated (Jentschura, 2003; Mil-
stein et al., 2003b), but these corrections are negligible
for the current work, and are not included. The D-state
corrections are assumed to be negligible.

Jj- Radiative-recoil corrections The dominant effect of nu-
clear motion on the self energy and vacuum polarization
has been taken into account by including appropriate
reduced-mass factors. The additional contributions be-
yond this prescription are termed radiative-recoil effects
with leading terms given by

m3  a(Za)d

ERR = — 5 3 M 62510
m2my T@n3 ¢

35T 448
x|6¢(3) —2m™In2 + % o
+§1T(Za) In*(Za)™2 +--| . (56)



The constant term in Eq. (56) is the sum of the an-
alytic result for the electron-line contribution (Czar-
necki and Melnikov, 2001; Eides et al., 2001la) and
the vacuum-polarization contribution (Eides and Grotch,
1995b; Pachucki, 1995). This term agrees with the nu-
merical value (Pachucki, 1995) used in CODATA-98. The
log-squared term has been calculated by Pachucki and
Karshenboim (1999) and by Melnikov and Yelkhovsky
(1999).

For the uncertainty, we take a term of order
(Za)In(Za)~? relative to the square brackets in Eq. (56)
with numerical coefficients 10 for ug and 1 for u,,. These
coefficients are roughly what one would expect for the
higher-order uncalculated terms. For higher-l states in
the present evaluation, we assume that the uncertainties
of the two- and three-photon corrections are much larger
than the uncertainty of the radiative-recoil correction.
Thus, we assign no uncertainty for the radiative-recoil
correction for P and D states.

k. Nucleus self energy An additional contribution due to
the self energy of the nucleus has been given by Pachucki
(1995):

47%a(Za)t m3
ESEN = — 7 L 62
3md m¥

x [m (%)@0 —lnko(n,l)} . 7)

This correction has also been examined by Eides et al.
(2001b), who consider how it is modified by the effect of
structure of the proton. The structure effect would lead
to an additional model-dependent constant in the square
brackets in Eq. (57).

To evaluate the nucleus self-energy correction, we use
Eq. (57) and assign an uncertainty ug that corresponds
to an additive constant of 0.5 in the square brackets for
S states. For P and D states, the correction is small
and its uncertainty, compared to other uncertainties, is
negligible.

L. Total energy and uncertainty The total energy Efl(L ; of
a particular level (where L = S, P, ... and X = H, D)

is the sum of the various contributions listed above plus
an additive correction 57)ij that accounts for the uncer-

tainty in the theoretical expression for Efij. Our theo-

retical estimate of the value of 5§L j

is zero with a standard uncertainty of u(d,y ;) equal to
the square root of the sum of the squares of the indi-
vidual uncertainties of the contributions; as they are de-
fined above, the contributions to the energy of a given
level are independent. (Components of uncertainty asso-
ciated with the fundamental constants are not included
here, because they are determined by the least squares

adjustment itself.) Thus, we have for the square of the

for a particular level
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uncertainty, or variance, of a particular level

ugy(XLj) + up, (X Lj)
w0y =D = e . (39
where the individual values wo;(XLj)/n® and
uni(XLj)/n® are the components of uncertainty

from each of the contributions, labeled by i, discussed
above. (The factors of 1/n? are isolated so that ug;(X Lj)
is explicitly independent of n.)

The covariance of any two ¢’s follows from Eq. (F7) of
Appendix F of CODATA-98. For a given isotope X, we
have

2 .

X X _ ug; (X Lj)
u(6n1Lj75nng) _; (n1n2)3 ’ (59)
which follows from the fact that w(ug;,un;) = 0 and

WUy iy Unyi) = 0 for ny # na. We also set

X X
u(6n1L1j1 ’ 5n2L2j2

)=0, (60)
lle #LQ or jl #]2

For covariances between §’s for hydrogen and deu-
terium, we have for states of the same n

u(énga 55Lj)

a . . n6 ’
and for ny # no
uo; (HLJ )ug; (DLj
u(oh, 00, ) = 3 Lol uoDLI) - )

3
i=ic (n1nz)
where the summation is over the uncertainties common
to hydrogen and deuterium. In most cases, the uncer-
tainties can in fact be viewed as common except for a
known multiplicative factor that contains all of the mass
dependence. We assume

u(68 6P

ni1Lij1 Ynalajs

)=0, (63)

if Ly # Lo or j1 # jo.

The values of u(d,y ;) of interest for the 2006 adjust-
ment are given in Table XX VIII of Sec. XII, and the non
negligible covariances of the §’s are given in the form
of correlation coefficients in Table XXIX of that section.
These coefficients are as large as 0.9999.

Since the transitions between levels are measured in
frequency units (Hz), in order to apply the above equa-
tions for the energy level contributions we divide the the-
oretical expression for the energy difference AE of the
transition by the Planck constant h to convert it to a
frequency. Further, since we take the Rydberg constant
Roo = a?mec/2h (expressed in m—!) rather than the elec-
tron mass me to be an adjusted constant, we replace the
group of constants a?mec?/2h in AE/h by cRe.
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m. Transition frequencies between levels withm =2 As an
indication of the consistency of the theory summarized
above and the experimental data, we list below values of
the transition frequencies between levels with n = 2 in
hydrogen. These results are based on values of the con-
stants obtained in a variation of the 2006 least squares
adjustment in which the measurements of the directly
related transitions (items A38, A39.1, and A39.2 in Ta-
ble XXVIII) are not included, and the weakly coupled
constants A,(e), Ar(p), A;(d), and «, are assigned their
2006 adjusted values. The results are

vir(2P1 )5 — 281 /5) = 1057843.9(2.5) kHz
V(2512 — 2P35) = 9911197.6(2.5) kHz

VH (2P1/2 — 2P3/2)
= 10969 041.475(99) kHz

[2.3 x 1079]
[2.5 x 1077]

[9.0x 107,  (64)

which agree well with the relevant experimental results of
Table XXVIII. Although the first two values in Eq. (64)
have changed only slightly from the results of the 2002
adjustment, the third value, the fine-structure splitting,
has an uncertainty that is almost an order-of-magnitude
smaller than the 2002 value, due mainly to improvements
in the theory of the two-photon correction.

A value of the fine structure constant o can be obtained
from the data on the hydrogen and deuterium transi-
tions. This is done by running a variation of the 2006
least-squares adjustment that includes all the transition
frequency data in Table XXVIII and the 2006 adjusted
values of A,(e), A;(p), and A,(d). The resulting value is

a”! = 137.036002(48)  [3.5x1077], (65)

which is consistent with the 2006 recommended value,
although substantially less accurate. This result is in-
cluded in Table XXXIV.

2. Experiments on hydrogen and deuterium

Table XII summarizes the transition frequency data
relevant to the determination of R.,. With the excep-
tion of the first entry, which is the most recent result for
the 1S/ — 25y, transition frequency in hydrogen from
the group at the Max-Planck-Institute fiir Quantenop-
tik (MPQ), Garching, Germany, all of these data are the
same as those used in the 2002 adjustment. Since these
data are reviewed in CODATA-98 or CODATA-02, they
are not discussed here. For a brief discussion of data not
included in Table XII, see Sec. I1.B.3 of CODATA-02.

The new MPQ result,

vi(1S1/2 — 2S1/2) = 2466061413 187.074(34) kHz
[1.4 x 1071, (66)
was obtained in the course of an experiment to search

for a temporal variation of the fine-structure constant
a (Fischer et al., 2004; Hansch et al., 2005; Poirier

et al., 2004; Udem, 2006). It is consistent with, but
has a somewhat smaller uncertainty than, the previ-
ous result from the MPQ group, vu(1S1/3 — 25;/2) =
2.466 061 413 187.103(46) kHz [1.9x 10~ 4] (Niering et al.,
2000), which was the value used in the 2002 adjustment.
The improvements that led to the reduction in uncer-
tainty include a more stable external reference cavity
for locking the 486 nm cw dye laser, thereby reducing
its linewidth; an upgraded vacuum system that lowered
the background gas pressure in the interaction region,
thereby reducing the background gas pressure shift and
its associated uncertainty; and a significantly reduced
within-day Type A (i.e., statistical) uncertainty due to
the narrower laser linewidth and better signal-to-noise
ratio.

The MPQ result in Eq. (66) and Table XII for
vi(1S1/2 — 2S1/2) was provided by Udem (2006) of
the MPQ group. It follows from the measured value
vi(1S1)2 — 251 /2) = 2.466 061 102 474.851(34) kHz [1.4 x
10~ obtained for the (1S, F = 1, mp = +1) —
(2S, F' = 1, m, = =£1) transition frequency (Fischer
et al., 2004; Hansch et al., 2005; Poirier et al., 2004) by
using the well known 1S and 2S hyperfine splittings (Ko-
lachevsky et al., 2004; Ramsey, 1990) to convert it to the
frequency corresponding to the hyperfine centroid.

3. Nuclear radii

The theoretical expressions for the finite nuclear size
correction to the energy levels of hydrogen H and deu-
terium D (see Sec. IV.A.1.h) are functions of the bound-
state nuclear rms charge radius for the proton, R, and
for the deuteron, Rq. These values are treated as vari-
ables in the adjustment, so the transition frequency data,
together with theory, determine values for the radii. The
radii are also determined by elastic electron-proton scat-
tering data in the case of R, and from elastic electron-
deuteron scattering data in the case of Rq. These inde-
pendently determined values are used as additional in-
formation on the radii. There have been no new results
during the last 4 years and thus we take as input data for
these two radii the values used in the 2002 adjustment:

R, = 0.895(18) fm (67)
Rq = 2.130(10) fm. (68)

The result for R, is due to Sick (2003) [see also Sick
(2007b)]. The result for Ry is that given in Sec. IIL.B.7
of CODATA-98 based on the analysis of Sick and Traut-
mann (1998).

An experiment currently underway to measure the
Lamb shift in muonic hydrogen may eventually provide a
significantly improved value of R, and hence an improved
value of R, (Nebel et al., 2007).
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TABLE XII Summary of measured transition frequencies v considered in the present work for the determination of the Rydberg

constant Ro (H is hydrogen and D is deuterium).

Authors Laboratory Frequency interval(s) Reported value Rel. stand.
v/kHz uncert. ur
(Fischer et al., 2004) MPQ vi(1S1/2 — 2S1/2) 2466 061413187.074(34) 1.4 x 107
(Weitz et al., 1995) MPQ V(2812 — 4S1)2) — 2vm(1S1)2 — 2S1,2) 4 797338(10) 2.1 x 1076
IJH(2Sl/2 — 4D5/2) — %IJH(lSl/Q — 281/2) 6490 144(24) 3.7 X 1076
VD (281/2 — 481/2) — %Z/D(lsl/g — 281/2) 4801 693(20) 4.2 x 1076
VD (281/2 — 4D5/2) — %Z/D(lsl/g — 281/2) 6494 841(41) 6.3 X 1076
(Huber et al., 1998) MPQ vp(1S1/2 — 2S1/2) — vu(1S1/2 — 2S1,2) 670994 334.64(15) 2.2 x 1071
(de Beauvoir et al., 1997)  LKB/SYRTE vu(2S/2 — 8S1/2) 770 649 350 012.0(8.6) 1.1x 1071
vi(2S1/2 — 8D3)0) 770 649 504 450.0(8.3) 1.1 x 107
vi(2S1/2 — 8Ds)2) 770 649 561 584.2(6.4) 8.3 x 10712
vp(2S1/2 — 8S1/2) 770 859 041 245.7(6.9) 8.9 x 10712
vp(2S1/2 — 8D3/2) 770859 195 701.8(6.3) 8.2 x 10712
vb(2S1/2 — 8Ds,2) 770 859 252 849.5(5.9) 7.7 x 10712
(Schwob et al., 1999, 2001) LKB/SYRTE w41(2S,2 — 12D35) 799 191 710 472.7(9.4) 1.2 x 107
v (2S1/2 — 12D52) 799 191 727 403.7(7.0) 8.7 x 1072
vp(2S1/2 — 12D3,5) 799 409 168 038.0(8.6) 1.1 x 107"
vp(2S1/2 — 12D5,2) 799 409 184 966.8(6.8) 8.5 x 10712
(Bourzeix et al., 1996) LKB v (2S1/2 — 6S1/2) — 2 (1812 — 3S1/2)  4197604(21) 4.9 %1078
v (2S1/2 — 6Ds5)0) — 2vn (1812 — 3S1/2) 4699 099(10) 2.2x107°
(Berkeland et al., 1995) Yale v (2S1/2 — 4P1/2) — %IJH(lsl/z —281,2) 4664269(15) 3.2 x 1076
IJH(2Sl/2 — 4P3/2) — ZUH(lsl/g — 281/2) 6035 373(10) 1.7 x 1076
(Hagley and Pipkin, 1994)  Harvard vE (2812 — 2P3/2) 9911 200(12 1.2 x 107°
(Lundeen and Pipkin, 1986) Harvard v (2P /2 — 2S1,2) 1057 845.0(9.0) 8.5 x 107°
(Newton et al., 1979) U. Sussex v (2P — 2S12) 1057 862(20) 1.9 x 107°

B. Antiprotonic helium transition frequencies and A.(e)

The antiprotonic helium atom is a three-body system
consisting of a *He or 3He nucleus, an antiproton, and
an electron, denoted by pHe™. Even though the Bohr
radius for the antiproton in the field of the nucleus is
about 1836 times smaller than the electron Bohr radius,
in the highly-excited states studied experimentally, the
average orbital radius of the antiproton is comparable
to the electron Bohr radius, giving rise to relatively long-
lived states. Also, for the high-/ states studied, because of
the vanishingly small overlap of the antiproton wavefunc-
tion with the helium nucleus, strong interactions between
the antiproton and the nucleus are negligible.

One of the goals of the experiments is to measure the
antiproton-electron mass ratio. However, since we as-
sume that CPT is a valid symmetry, for the purpose of
the least squares adjustment we take the masses of the
antiproton and proton to be equal and use the data to de-
termine the proton-electron mass ratio. Since the proton
mass is known more accurately than the electron mass
from other experiments, the mass ratio yields informa-
tion primarily on the electron mass. Other experiments
have demonstrated the equality of the charge-to-mass ra-
tio of p and p to within 9 parts in 10'!; see Gabrielse
(2006).

1. Theory relevant to antiprotonic helium

Calculations of transition frequencies of antiprotonic
helium have been done by Kino et al. (2003) and by Ko-
robov (2003, 2005). The uncertainties of calculations by
Korobov (2005) are of the order of 1 MHz to 2 MHz,
while the uncertainties and scatter relative to the ex-
perimental values of the results of Kino et al. (2003) are
substantially larger, so we use the results Korobov (2005)
in the 2006 adjustment. [See also the remarks in Hayano
(2007) concerning the theory.]

The dominant contribution to the energy levels is just
the non-relativistic solution of the Schrodinger equation
for the three-body system together with relativistic and
radiative corrections treated as perturbations. The non-
relativistic levels are resonances, because the states can
decay by the Auger effect in which the electron is ejected.
Korobov (2005) calculates the nonrelativistic energy by
using one of two formalisms, depending on whether the
Auger rate is small or large. In the case where the rate
is small, the Feshbach formalism is used with an optical
potential. The optical potential is omitted in the calcula-
tion of higher-order relativistic and radiative corrections.
For broad resonances with a higher Auger rate, the non-
relativistic energies are calculated with the Complex Co-
ordinate rotation method. In checking the convergence of
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the nonrelativistic levels, attention was paid to the con-
vergence of the expectation value of the the delta func-
tion operators used in the evaluation of the relativistic
and radiative corrections.

Korobov (2005) evaluated the relativistic and radia-
tive corrections as perturbations to the nonrelativistic
levels, including relativistic corrections of order o?R.,
anomalous magnetic moment corrections of order a3 Roo
and higher, one-loop self-energy and vacuum-polarization
corrections of order a®R.,, higher-order one-loop and
leading two-loop corrections of order a*R.,. Higher-
order relativistic corrections of order o R, and radiative
corrections of order a® Ry, were estimated with effective
operators. The uncertainty estimates account for uncal-
culated terms of order a®ln o Ro.

Transition frequencies obtained by Korobov (2005,
2006) using the CODATA-02 values of the relevant con-
stants are listed in Table XIII under the column header
“Calculated Value.” We denote these values of the fre-
quencies by Véoéc(n,l : n',1"), where He is either He™
or *Het. Also calculated are the leading-order changes
in the theoretical values of the transition frequencies as
a function of the relative changes in the mass ratios
A (D)/Ar(e) and A, (N)/A:(P); here N is either *He?*t or
4He?*. If we denote the transition frequencies as func-
tions of these mass ratios by vpue(n,l : n',l'), then the
changes can be written as

A (D) © 5y He(n,l:n/, 1)
_ 7 — P ’ )
apne(n, 2, 1) = (Ar(e)) o (40)

A (e)

Ar(He))(O) Ovpue(n,l:n/,1")
A (p) '

b}SHc(nal : n/al/) = <

(70)

Values of these derivatives, in units of 2cR., are listed in
Table XIII in the columns with the headers “a” and “b,”
respectively. The zero-order frequencies and the deriva-
tives are used in the expression

vete (N, 0/ 1) = v (n,1:n/,1)

+agne(n,l:n',l")

<Ar<- )(°’<Ar(N)> o
Ar(N) A:(p)

which provides a first-order approximation to the tran-
sition frequencies as a function of changes to the mass
ratios. This expression is used to incorporate the ex-
perimental data and the calculations for the antiprotonic
system as a function of the mass ratios into the least-
squares adjustment. It should be noted that even though

the mass ratios are the independent variables in Eq. (71)
and the atomic relative masses A, (e), A;(p), and A;(N)

+bsne(n, L :n' 1) +...,

are the adjusted constants in the 2006 least-squares ad-
justment, the primary effect of including this data in
the adjustment is on the electron relative atomic mass,
because independent data in the adjustment constrains
the proton and helium nuclei relative atomic masses with
smaller uncertainties.

The uncertainties in the theoretical expressions for the
transition frequencies are included in the adjustment as
additive constants dsue(n,! : n',1"). Values for the theo-
retical uncertainties and covariances used in the adjust-
ment are given in Sec. XII, Tables XXXII and XXXIII,
respectively (Korobov, 2006).

2. Experiments on antiprotonic helium

Experimental work on antiprotonic helium began in
the early 1990s and it continues to be an active field of re-
search; a comprehensive review through 2000 is given by
Yamazaki et al. (2002) and a very concise review through
2006 by Hayano (2007). The first measurements of p He™
transition frequencies at CERN with u, < 10~% were re-
ported in 2001 (Hori et al., 2001), improved results were
reported in 2003 (Hori et al., 2003), and transition fre-
quencies with uncertainties sufficiently small that they
can, together with the theory of the transitions, provide
a competitive value of A;(e), were reported in 2006 (Hori
et al., 2006).

The 12 transition frequencies—seven for *He and five
for 3He given by Hori et al. (2006)—which we take as
input data in the 2006 adjustment are listed in column
2 of Table XIII with the corresponding transitions indi-
cated in column 1. To reduce rounding errors, an addi-
tional digit for both the frequencies and their uncertain-
ties as provided by Hori (2006) have been included. All
twelve frequencies are correlated; their correlation coef-
ficients, based on detailed uncertainty budgets for each,
also provided by Hori (2006), are given in Table XXXIIT
in Sec XII.

In the current version of the experiment, 5.3 MeV an-
tiprotons from the CERN Antiproton Decelerator (AD)
are decelerated using a radio-frequency quadrupole decel-
erator (RFQD) to energies in the range 10 keV to 120 keV
controlled by a dc potential bias on the RFQD’s elec-
trodes. The decelerated antiprotons, about 30 % of the
antiprotons entering the RFQD, are then diverted to a
low pressure cryogenic helium gas target at 10 K by an
achromatic momentum analyzer, the purpose of which
is to eliminate the large background that the remaining
70 % of undecelerated antiprotons would have produced.

About 3 % of the p stopped in the target form p He™, in
which a p with large principle quantum number (n ~ 38)
and angular momentum quantum number (I ~ n) cir-
culates in a localized, nearly circular orbit around the
He?*t nucleus while the electron occupies the distributed
1S state. These p energy levels are metastable with life-
times of several microseconds and de-excite radiatively.
There are also short lived p states with similar values of n
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TABLE XIII Summary of data related to the determination of A:(e) from measurements on antiprotonic helium

Transition Experimental Calculated a b
(n,1) — (0,1 Value (MHz) Value (MHz) (2cR) (2cR)
prHe™: (32,31) — (31, 30) 1132609 209(15) 1132609 223.50(82) 0.2179 0.0437
piHe™: (35,33) — (34,32) 804633 059.0(8.2) 804633 058.0(1.0) 0.1792 0.0360
piHe™: (36,34) — (35,33) 717474 004(10) 717474001.1(1.2) 0.1691 0.0340
piHe™: (37,34) — (36, 33) 636 878 139.4(7.7) 636878 151.7(1.1) 0.1581 0.0317
piHe™: (39,35) — (38,34) 501948 751.6(4.4) 501948 755.4(1.2) 0.1376 0.0276
piHe™: (40, 35) — (39, 34) 445608 557.6(6.3) 445 608 569.3(1.3) 0.1261 0.0253
piHe™: (37,35) — (38,34) 412 885132.2(3.9) 412885 132.8(1.8) —0.1640 —0.0329
p>He™: (32,31) — (31, 30) 1043128 608(13) 1043128 579.70(91) 0.2098 0.0524
p*He™: (34,32) — (33,31) 822809 190(12) 822809170.9(1.1) 0.1841 0.0460
p>He™: (36,33) — (35,32) 646 180 434(12) 646 180408.2(1.2) 0.1618 0.0405
p*He™: (38,34) — (37,33) 505 222 295.7(8.2) 505222 280.9(1.1) 0.1398 0.0350
p*He™: (36,34) — (37,33) 414147507.8(4.0) 414147 509.3(1.8) —0.1664 —0.0416

and [ but with lifetimes on the order of 10 ns and which
de-excite by Auger transitions to form p He?t hydrogen-
like ions. These undergo Stark collisions, which cause the
rapid annihilation of the p in the helium nucleus. The
annihilation rate vs. time elapsed since p Het formation,
or delayed annihilation time spectrum (DATS), is mea-
sured using Cherenkov counters.

With the exception of the (36,34) — (35,33) transi-
tion frequency, all of the frequencies given in Table XIIT
were obtained by stimulating transitions from the p He™
metastable states with values of n and [ indicated in col-
umn one on the left-hand side of the arrow to the short
lived, Auger-decaying states with values of n and [ indi-
cated on the right-hand side of the arrow.

The megawatt-scale light intensities needed to induce
the p He™ transitions, which cover the wavelength range
265 nm to 726 nm, can only be provided by a pulsed laser.
Frequency and linewidth fluctuations and frequency cal-
ibration problems associated with such lasers were over-
come by starting with a cw “seed” laser beam of fre-
qUeNCy Vew, known with u, < 4 x 10710 through its sta-
bilization by an optical frequency comb, and then ampli-
fying the intensity of the laser beam by a factor of 108 in
a cw pulse amplifier consisting of three dye cells pumped
by a pulsed Nd:YAG laser. The 1 W seed laser beam with
wavelength in the range 574 nm to 673 nm was obtained
from a pumped cw dye laser, and the 1 W seed laser beam
with wavelength in the range 723 nm to 941 nm was ob-
tained from a pumped cw Ti:sapphire laser. The shorter
wavelengths (265 nm to 471 nm) for inducing transitions
were obtained by frequency doubling the amplifier out-
put at 575 nm and 729 nm to 941 nm or by frequency
tripling its 794 nm output. The frequency of the seed
laser beam vy, and thus the frequency v, of the pulse
amplified beam, was scanned over a range of +4 GHz
around the pHe™ transition frequency by changing the
repetition frequency frep of the frequency comb.

The resonance curve for a transition was obtained by
plotting the area under the resulting DATS peak vs. vp.
Because of the approximate 400 MHz Doppler broaden-

ing of the resonance due to the 10 K thermal motion of
the p He™ atoms, a rather sophisticated theoretical line
shape that takes into account many factors must be used
to obtained the desired transition frequency.

Two other effects of major importance are the so-called
chirp effect and linear shifts in the transition frequencies
due to collisions between the p He™ and background he-
lium atoms. The frequency 14, can deviate from ¢y, due
to sudden changes in the index of refraction of the dye
in the cells of the amplifier. This chirp, which can be
expressed as Avg(t) = vpi(t) — Vew, can shift the mea-
sured pHe™ frequencies from their actual values. Hori
et al. (2006) eliminated this effect by measuring Av.(t)
in real time and applying a frequency shift to the seed
laser, thereby canceling the dye-cell chirp. This effect is
the predominant contributor to the correlations among
the 12 transitions (Hori, 2006). The collisional shift was
eliminated by measuring the frequencies of ten transi-
tions in helium gas targets with helium atom densities p
in the range 2 x 10'8/cm? to 3 x 102! /ecm? to determine
dv/dp. The in vacuo (p = 0) values were obtained by
applying a suitable correction in the range —14 MHz to
1 MHz to the initially measured frequencies obtained at
p~2x 108 /cm3.

In contrast to the other 11 tramsition frequencies in
Table XIII, which were obtained by inducing a transi-
tion from a long-lived, metastable state to a short-lived,
Auger-decaying state, the (36,34) — (35,33) transition
frequency was obtained by inducing a transition from
the (36, 34) metastable state to the (35, 33) metastable
state using three different lasers. This was done by
first depopulating at time t; the (35, 33) metastable
state by inducing the (35, 33) — (34, 32) metastable-state
to short-lived-state transition, then at time ¢2 inducing
the (36,34) — (35,33) transition using the cw pulse-
amplified laser, and then at time t3 again inducing the
(35,33) — (34,32) transition. The resonance curve for
the (36,34) — (35,33) transition was obtained from the
DATS peak resulting from this last induced transition.

The 4 MHz to 15 MHz standard uncertainties of the
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transition frequencies in Table XIII arise from the reso-
nance line shape fit (3 MHz to 13 MHz, statistical or Type
A), not completely eliminating the chirp effect (2 MHz
to 4 MHz, nonstatistical or Type B), collisional shifts
(0.1 MHz to 2 MHz, Type B), and frequency doubling or
tripling (1 MHz to 2 MHz, Type B).

3. Values of A,(e) inferred from antiprotonic helium

From the theory of the 12 antiprotonic transition fre-
quencies discussed in Sec IV.B.1, the 2006 recommended
values of the relative atomic masses of the proton, al-
pha particle (nucleus of the “He atom), and the helion
(nucleus of the 3He atom), A,(p), A;(alpha), and A,(h),
respectively, together with the 12 experimental values for
these frequencies given in Table XIII, we find the follow-
ing three values for A, (e) from the seven p *He* frequen-
cies alone, from the five p3Het frequencies alone, and
from the 12 frequencies together:

Ay(e) = 0.0005485799103(12) [2.1x 1077  (72)
A(e) = 0.0005485799053(15) [2.7x 1077  (73)
Ai(e) = 0.00054857990881(91) [1.7 x 107%]. (74)

The separate inferred values from the p *He™ and p3He™
frequencies differ somewhat, but the value from all 12
frequencies not only agrees with the three other available
results for A, (e) (see Table XXXVI, Sec XII.A), but has
a competitive level of uncertainty as well.

C. Hyperfine structure and fine structure
1. Hyperfine structure

Because the ground-state hyperfine transition frequen-
cies Avyg, Avyu, and Avpg of the comparatively sim-
ple atoms hydrogen, muonium, and positronium, respec-
tively, are proportional to a2 R.c, in principle a value of
« can be obtained by equating an experimental value of
one of these transition frequencies to its presumed read-
ily calculable theoretical expression. However, currently
only measurements of Avyg, and the theory of the muon-
ium hyperfine structure have sufficiently small uncertain-
ties to provide a useful result for the 2006 adjustment,
and even in this case the result is not a competitive value
of a, but rather the most accurate value of the electron-
muon mass ratio me/my. Indeed, we discuss the relevant
experiments and theory in Sec.VI.B.

Although the ground-state hyperfine transition fre-
quency of hydrogen has long been of interest as a po-
tential source of an accurate value of @ because it is ex-
perimentally known with u, ~ 107!2 (Ramsey, 1990),
the relative uncertainty of the theory is still of the or-
der of 107%. Thus, Avyg cannot yet provide a competi-
tive value of the fine-structure constant. At present, the
main sources of uncertainty in the theory arise from the
internal structure of the proton, namely (i) the electric

charge and magnetization densities of the proton, which
are taken into account by calculating the proton’s so-
called Zemach radius; and (ii) the polarizability of the
proton (that is, protonic excited states). For details of
the progress made over the last four years in reducing
the uncertainties from both sources, see (Carlson, 2007;
Pachucki, 2007; Sick, 2007a) and the references cited
therein. Because the muon is a structureless point-like
particle, the theory of Awyg, is free of such uncertainties.

It is also not yet possible to obtain a useful value of
« from Avpg since the most accurate experimental result
has u, = 3.6 x 1076 (Ritter et al., 1984). The uncertainty
of the theory of Avpg is not significantly smaller and may
in fact be larger (Adkins et al., 2002; Penin, 2004).

2. Fine structure

As in the case of hyperfine splittings, fine-structure
transition frequencies are proportional to a?Rs.c and
could be used to deduce a value of a. Some data re-
lated to the fine structure of hydrogen and deuterium are
discussed in Sec. IV.A.2 in connection with the Rydberg
constant. They are included in the adjustment because of
their influence on the adjusted value of R.,. However, the
value of « that can be derived from these data is not com-
petitive; see Eq. (65). See also Sec. II1.B.3 of CODATA-
02 for a discussion of why earlier fine structure-related
results in H and D are not considered.

Because the transition frequencies corresponding to
the differences in energy of the three 23P levels of “He
can be both measured and calculated with reasonable ac-
curacy, the fine structure of *He has long been viewed as
a potential source of a reliable value of o. The three fre-
quencies of interest are vg; ~ 29.6 GHz, v12 ~ 2.29 GHz,
and vge =~ 31.9 GHz, which correspond to the intervals
23P; — 23Py, 23P, — 23P1, and 23P, — 23Py, respectively.
The value with the smallest uncertainty for any of these
frequencies was obtained at Harvard (Zelevinsky et al.,
2005):

vo1 = 29616 951.66(70) kHz [2.4 x 1078 . (75)
It is consistent with the value of 1y; reported by George
et al. (2001) with u, = 3.0 x 1078, and that reported
by Giusfredi et al. (2005) with u, = 3.4 x 1078, If the
theoretical expression for vy; were exactly known, the
weighted mean of the three results would yield a value of
a with u, ~ 8 x 1079,

However, as discussed in CODATA-02, the theory of
the 23P; transition frequencies is far from satisfactory.
First, different calculations disagree, and because of the
considerable complexity of the calculations and the his-
tory of their evolution, there is general agreement that re-
sults that have not been confirmed by independent evalu-
ation should be taken as tentative. Second, there are sig-
nificant disagreements between theory and experiment.
Recently, Pachucki (2006) has advanced the theory by



calculating the complete contribution to the 23P; fine-
structure levels of order ma” (or a® Ryd), with the final
theoretical result for 1y; being

vo1 = 29616943.01(17) kHz [5.7x 1077 . (76)
This value disagrees with the experimental value given
in Eq (75) as well as with the theoretical value vy, =
29616 946.42(18) kHz [6.1 x 10~?] given by Drake (2002),
which also disagrees with the experimental value. These
disagreements suggest that there is a problem with the-
ory and/or experiment which must be resolved before a
meaningful value of a can be obtained from the helium
fine structure (Pachucki, 2006). Therefore, as in the 2002
adjustment, we do not include *He fine-structure data in
the 2006 adjustment.

V. MAGNETIC MOMENT ANOMALIES AND
g-FACTORS

In this section, the theory and experiment for the mag-
netic moment anomalies of the free electron and muon
and the bound-state g-factor of the electron in hydro-
genic carbon (*2C%1) and in hydrogenic oxygen (1607+)
are reviewed.

The magnetic moment of any of the three charged lep-
tons ¢ = e, W, T is written as

° 7
e =geg 8 (77)
where gy is the g-factor of the particle, my is its mass,
and s is its spin. In Eq. (77), e is the elementary charge
and is positive. For the negatively charged leptons ¢, g,
is negative, and for the corresponding antiparticles £,
ge is positive. C'PT invariance implies that the masses
and absolute values of the g-factors are the same for each
particle-antiparticle pair. These leptons have eigenvalues
of spin projection s, = £h/2, and it is conventional to
write, based on Eq. (77),

ge eh
== — 78
he=g 5 (78)
where in the case of the electron, ugp = eh/2m. is the
Bohr magneton.

The free lepton magnetic moment anomaly a, is de-
fined as

lgel = 2(1+ar), (79)

where gp = —2 is the value predicted by the free-electron
Dirac equation. The theoretical expression for a, may be
written as

ag(th) = ag(QED) + ag(weak) + a¢(had) , (80)

where the terms denoted by QED, weak, and had account
for the purely quantum electrodynamic, predominantly
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electroweak, and predominantly hadronic (that is, strong
interaction) contributions to ay, respectively.

The QED contribution may be written as (Kinoshita
et al., 1990)

ag(QED) = Ay + As(mg/mep) + Az(mg/mgu)
+ Az (mue /M, mg /) (81)

where for the electron, (¢, ¢/, ") = (e, Y, T), and for the
muon, (¢, 0, ¢") = (U, e, T). The anomaly for the T,
which is poorly known experimentally (Yao et al., 2006),
is not considered here. For recent work on the theory of
ar, see Eidelman and Passera (2007). In Eq. (81), the
term A; is mass independent, and the mass dependence
of As and Ajg arises from vacuum polarization loops with
lepton ¢/, ¢”, or both. Each of the four terms on the
right-hand side of Eq. (81) can be expressed as a power
series in the fine-structure constant a:

A= AP (2) 4 a® (9)2+A<6> (9)3
’ BN | BN | Co\m
4 5
+AD (2) A0 (2) - (82)
Tt Tt

where Aéz) = A§2) = Agl) = 0. Coefficients proportional

to (/)™ are of order €™ and are referred to as 2nth-
order coefficients.

The second-order coefficient is known exactly, and the

fourth- and sixth-order coefficients are known analyti-
cally in terms of readily evaluated functions:

AP =% (83
AW = _0.328478965579 . .. (84)
Al® = 1.181241456. .. . (85)

~

A total of 891 Feynman diagrams give rise to the mass-

independent eighth-order coefficient Ags), and only a few
of these are known analytically. However, in an effort
that has its origins in the 1960s, Kinoshita and collab-

orators have calculated all of Ags) numerically, with the
result of this ongoing project that was used in the 2006
adjustment being (Gabrielse et al., 2006, 2007; Kinoshita
and Nio, 2006a)

A® = —1.7283(35) . (86)

Work was done in the evaluation and checking of this
coeflicient in an effort to obtain a reliable quantitative re-
sult. A subset of 373 diagrams containing closed electron
loops was verified by more than one independent formu-
lation. The remaining 518 diagrams with no closed elec-
tron loops were formulated in only one way. As a check
on this set, extensive cross checking was performed on the
renormalization terms both among themselves and with
lower-order diagrams that are known exactly (Kinoshita
and Nio, 2006a) [see also Gabrielse et al. (2006, 2007)].
For the final numerical integrations, an adaptive-iterative
Monte Carlo routine was used. A time-consuming part
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TABLE XIV Summary of data related to magnetic moments of the electron and muon and inferred values of the fine structure
constant. (The source data and not the inferred values given here are used in the adjustment.)

Quantity Value Relative standard Identification Sect. and Eq.
uncertainty u,
ae 1.159 652 1883(42) x 1073 3.7 x 107° UWash-87 V.A.2.a (102)
a Mae)  137.035998 83(50) 3.7 x 107 V.A.3 (104)
ae 1.15965218085(76) x 10™* 6.6 x 1071° HarvU-06 V.A.2.b (103)
a™(ae) 137.035 999 711(96) 7.0 x 1071 V.A.3 (105)
R 0.003 707 2064(20) 54 x 1077 BNL-06 V.B.2 (128)
ap 1.165920 93(63) x 1073 5.4 x 1077 V.B.2 (129)
a '(R) 137.035 67(26) 1.9 x 1076 V.B.2.a (132)

of the work was checking for round-off error in the inte-
gration.

The 0.0035 standard uncertainty of Ags) contributes a
standard uncertainty to ac(th) of 0.88 x 1071% a,, which is
smaller than the uncertainty due to uncalculated higher-
order contributions. Independent work is in progress on
analytic calculations of eighth-order integrals. See, for
example, Laporta (2001); Laporta et al. (2004); Mastrolia
and Remiddi (2001).

Little is known about the tenth-order coefficient Aglo)
and higher-order coefficients, although Kinoshita et al.
(2006) are starting the numerical evaluation of the 12 672
Feynman diagrams for this coefficient. To evaluate the
contribution to the uncertainty of a.(th) due to lack of

knowledge of Aglo), we follow CODATA-98 to obtain

Aglo) = 0.0(3.7). The 3.7 standard uncertainty of Aglo)
contributes a standard uncertainty component to a(th)
of 2.2 x 10710 q,; the uncertainty contributions to ae(th)
from all other higher-order coefficients, which should be
significantly smaller, are assumed to be negligible.

The 2006 least-squares adjustment was carried out us-
ing the theoretical results given above, including the
value of Agg) given in Eq. (86). Well after the dead-
line for new data and the recommended values from the
adjustment were made public (Mohr et al., 2007), it was
discovered by Aoyama et al. (2007) that 2 of the 47 inte-
grals representing 518 QED diagrams that had not previ-
ously been confirmed independently required a corrected
treatment of infrared divergences. The revised value they
give is

AP = —1.9144(35) (87)

although the new calculation is still tentative (Aoyama
et al., 2007). This result would lead to the value

a”! = 137.035999070(98)  [7.1 x 10719 (88)

for the inverse fine-structure constant derived from the
electron anomaly using the Harvard measurement result
for a. (Gabrielse et al., 2006, 2007). This number is
shifted down from the previous result by 641 x 10~°

and its uncertainty is increased from (96) to (98) (see
Sec. V.A.3), but it is still consistent with the values ob-
tained from recoil experiments (see Table XXVTI). If this

result for A§8) had been used in the 2006 adjustment,
the recommended value of the inverse fine-structure con-
stant would differ by a similar, although slightly smaller,
change. The effect on the muon anomaly theory is com-
pletely negligible.

The mass independent term A; contributes equally to
the free electron and muon anomalies and the bound-
electron g-factors. The mass-dependent terms are differ-
ent for the electron and muon and are considered sepa-
rately in the following. For the bound-electron g-factor,
there are bound-state corrections in addition to the free-
electron value of the g-factor, as discussed below.

A. Electron magnetic moment anomaly a. and the
fine-structure constant «

The combination of theory and experiment for the elec-
tron magnetic moment anomaly yields the value for the
fine-structure constant « with the smallest estimated un-
certainty (see Table XIV for the values corresponding to
the 2006 adjustment).

1. Theory of ae

The mass-dependent coefficients of interest and cor-
responding contributions to the theoretical value of the
anomaly ae(th), based on the 2006 recommended values
of the mass ratios, are



AW(me/my) = 5.19738678(26) x 107
— 24.182 x 10~ a, (89)

AP(me/my) = 1.83763(60) x 107

— 0.085 x 107 %, (90)
Amefmy) = —7.37394172(27) x 10

— —0.797 x 10~ "%a,  (91)
Amefmy) = —6.5819(19) x 10~

— —0.007 x 107, ,  (92)

where the standard uncertainties of the coefficients are
due to the uncertainties of the mass ratios, which are
negligible. The contributions from Agﬁ)(me /My, me /M)
and all higher-order mass-dependent terms are negligible
as well.

The value for AéG)(me/mu) in Eq. (91) has been up-
dated from the value in CODATA-02 and is in agreement
with the result of Passera (2007) based on a calculation
to all orders in the mass ratio. The change is given by
the term

1725¢(3) 438128 In”z  247612° Inx

36 30240 158760
13 n2x® 1840256147 26 (93)
1344 3556224000

where & = me/my, which was not included in CODATA-
02. The earlier result was based on Eq. (4) of Laporta
and Remiddi (1993), which only included terms to order
x*. The additional term was kindly provided by Laporta
and Remiddi (2006).

For the electroweak contribution we have

ae(weak) = 0.02973(52) x 10~*2
= 0.2564(45) x 107 %, , (94)

as calculated in CODATA-98 but with the current values
of G and sin®fw (see Sec. XI.B).
The hadronic contribution is

ae(had) = 1.682(20) x 10~ 2
= 1.450(17) x 10 %, . (95)

It is the sum of the following three contributions:
at¥ (had) = 1.875(18) x 10~!2 obtained by Davier and
Hocker (1998); a® (had) = —0.225(5) x 10~ given by
Krause (1997); and a&"Y (had) = 0.0318(58) x 1072 cal-

culated by multiplying the corresponding result for the
muon given in Sec. V.B.1 by the factor (m./my)?, since

agW) (had) is assumed to vary approximately as the square
of the mass.
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Since the dependence on « of any contribution other
than a.(QED) is negligible, the anomaly as a function of
« is given by combining terms that have like powers of
a/Ttto yield

ae(th) = ac(QED) + a¢(weak) + aq(had) , (96)
where
_ 0@ (Y @ (2 L o® (2
a¢(QED) Ce (T[)+CC (T[) +Ce (T[)
® (2! L cao (9,
1! (H) + 0l (n) Foee, (97)
with
c? =05
CW = —0.32847844400
C® = 1181234017
C® = —1.7283(35)
c10 = 0.03.7), (98)

and where ac(weak) and a.(had) are given in Eqgs. (94)
and (95).

The standard uncertainty of a.(th) from the uncertain-
ties of the terms listed above, other than that due to «,
is

uae(th)] = 0.27 x 10712 =24 x 107%a,,  (99)

and is dominated by the uncertainty of the coefficient
i,

For the purpose of the least-squares calculations car-
ried out in Sec. XII.B, we define an additive correction
Je t0 ae(th) to account for the lack of exact knowledge
of aq(th), and hence the complete theoretical expression
for the electron anomaly is

ae(Q, 0c) = ae(th) + b . (100)
Our theoretical estimate of d. is zero and its standard
uncertainty is u[a(th)]:

5e = 0.00(27) x 10712 . (101)
2. Measurements of a.
a. Measurement of a.: University of Washington. The clas-

sic series of measurements of the electron and positron
anomalies carried out at the University of Washington by
Van Dyck et al. (1987) yield the value

ae = 1.1596521883(42) x 107* [3.7x 1077] , (102)

as discussed in CODATA-98. This result assumes that
CPT invariance holds for the electron-positron system.
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b. Measurement of a.: Harvard University. A new deter-
mination of the electron anomaly using a cylindrical Pen-
ning trap has been carried out by Odom et al. (2006) at
Harvard University, yielding the value

ae = 1.15965218085(76) x 1072 [6.6 x 107'°] ,(103)

which has an uncertainty that is nearly six times smaller
than that of the University of Washington result.

As in the University of Washington experiment, the
anomaly is obtained in essence from the relation a. =
fa/fc by determining, in the same magnetic flux den-
sity B (about 5 T), the anomaly difference frequency
fa = fs — fc and cyclotron frequency f. = eB/2mm,,
where fs = gepunB/h is the electron spin-flip (often
called precession) frequency. The marked improvement
achieved by the Harvard group, the culmination of a 20
year effort, is due in large part to the use of a cylin-
drical Penning trap with a resonant cavity that interacts
with the trapped electron in a readily calculable way, and
through its high @ resonances, significantly increases the
lifetime of the electron in its lowest few energy states by
inhibiting the decay of these states through spontaneous
emission. Further, cooling the trap and its vacuum enclo-
sure to 100 mK by means of a dilution refrigerator elim-
inates blackbody radiation that could excite the electron
from these states.

The frequencies f, and f. are determined by apply-
ing quantum-jump spectroscopy (QJS) to transitions be-
tween the lowest spin (ms = +1/2) and cyclotron (n =
0,1,2) quantum states of the electron in the trap. (In
QJS, the quantum jumps per attempt to drive them are
measured as a function of drive frequency.) The transi-
tions are induced by applying a signal of frequency ~ fa
to trap electrodes or by transmitting microwaves of fre-
quency = f. into the trap cavity. A change in the cy-
clotron or spin state of the electron is reflected in a shift
in 7,, the self excited axial oscillation of the electron.
(The trap axis and B are in the z direction.) This oscil-
lation induces a signal in a resonant circuit that is am-
plified and fed back to the trap to drive the oscillation.
Saturated nickel rings surrounding the trap produce a
small magnetic bottle that provides quantum nondemo-
lition couplings of the spin and cyclotron energies to 7.
Failure to resolve the cyclotron energy levels would result
in an increase of uncertainty due to the leading relativis-
tic correction 6/ f. = hf./mc* ~ 1077,

Another unique feature of the Harvard experiment is
that the effect of the trap cavity modes on f., and hence
on the measured value of a,, are directly observed for
the first time. The modes are quantitatively identified
as the familiar transverse electric (TE) and transverse
magnetic (TM) modes by observing the response of a
cloud of electrons to an axial parametric drive, and, based
on the work of Brown and Gabrielse (1986), the range of
possible shifts of f. for a cylindrical cavity with a @ >
500 as used in the Harvard experiment can be readily
calculated. Two measurements of a, were made: one,
which resulted in the value of a, given in Eq. (103), was

at a value of B for which f. = 149 GHz, far from modes
that couple to the cyclotron motion; the other was at
146.8 GHz, close to mode TE157. Within the calibration
and identification uncertainties for the mode frequencies,
very good agreement was found between the measured
and predicted difference in the two values. Indeed, their
weighted mean gives a value of a. that is larger than the
value in Eq. (103) by only the fractional amount 0.5 X
10710, with u, slightly reduced to 6.5 x 10719,

The largest component of uncertainty, 5.2 x 10719, in
the 6.6 x 10710 4, of the Harvard result for a. arises
from fitting the resonance line shapes for f, and f. ob-
tained from the quantum jump spectroscopy data. It is
based on the consistency of three different methods of
extracting these frequencies from the line shapes. The
method that yielded the best fits and which was used to
obtain the reported value of a. weights each drive fre-
quency, spin flip or cyclotron, by the number of quantum
jumps it produces, and then uses the weighted average
of the resulting spin flip and cyclotron frequencies in the
final calculation of ae. Although the cavity shifts are
well characterized, they account for the second largest
fractional uncertainty component, 3.4 x 10719, The sta-
tistical (Type A) component, which is the next largest,
is only 1.5 x 10719,

3. Values of « inferred from ae
Equating the theoretical expression with the two ex-

perimental values of a, given in Egs. (102) and (103)
yields

a Y(ae) = 137.035998 83(50) [3.7 x 107°]  (104)
from the University of Washington result and
a Y (ae) = 137.035999 711(96) [7.0 x 1071°] (105)

from the Harvard University result. The contribution
of the uncertainty in ae(th) to the relative uncertainty
of either of these results is 2.4 x 107'°. The value in
Eq. (105) has the smallest uncertainty of any value of
alpha currently available. Both values are included in
Table XIV.

B. Muon magnetic moment anomaly ap

Comparison of theory and experiment for the muon
magnetic moment anomaly gives a test of the theory of
the hadronic contributions, with the possibility of reveal-
ing physics beyond the Standard Model.

1. Theory of ap

The current theory of a, has been throughly reviewed
in a number of recent publications by different authors,



including a book devoted solely to the subject; see, for
example, Davier et al. (2006); Jegerlehner (2007); Mel-
nikov and Vainshtein (2006); Miller et al. (2007); Passera
(2005).

The relevant mass-dependent terms and the corre-
sponding contributions to ay(th), based on the 2006 rec-
ommended values of the mass ratios, are

AW(my/me) = 1.094 258 3088(82) (106)
— 506386.4561(38) x 102y, ,

A (my/me) = 0.000078 064(25) (107)
— 36.126(12) x 10 %ay ,

A®(my /me) = 22.86837997(19) (108)

— 24 581.766 16(20) x 10~ %ay ,

A®(my, /my) = 0.00036051(21) (109)
— 0.38752(22) x 10~ %y, ,

AP my/me) = 132.6823(72) (110)
— 331.288(18) x 10 %qy ,

A8 my/me) = 663(20) (111)
— 3.85(12) x 10~ %ay , (112)

AO(my/me, my/mr) = 0.00052766(17)  (113)

— 0.56720(18) x 10~ %ay |

Ay me, my/me) = 0.037594(83) (114)
— 0.09387(21) x 10~ %, .

These contributions and their uncertainties, as well as
the values (including their uncertainties) of a,(weak) and
ap(had) given below, should be compared with the 54 x
10~8a, standard uncertainty of the experimental value
of ay from Brookhaven National Laboratory (BNL) (see
next section).

Some of the above terms reflect the results of recent
calculations. The value of A§6)(mu/mt) in Eq. (109)
includes an additional contribution as discussed in
connection with Eq. (91). The terms Aég)(mu/me)

and Agg)(mp/mc,mp/mT) have been updated by Ki-
noshita and Nio (2004), with the resulting value for
Aég)(mu/me) in Eq. (110) differing from the previous
value of 127.50(41) due to the elimination of various
problems with the earlier calculations, and the result-
ing value for Agg)(mu/me,mu/mr) in Eq. (114) differ-
ing from the previous value of 0.079(3), because dia-
grams that were thought to be negligible do in fact con-

tribute to the result. Further, the value for Aéw)(mu /me)

25

in Eq. (111) from Kinoshita and Nio (2006b) replaces
the previous value, 930(170). These authors believe
that their result, obtained from the numerical evalua-
tion of all of the integrals from 17 key subsets of Feyn-
man diagrams, accounts for the leading contributions to

Aglo)(mu/mc), and the work of Kataev (2006), based
on the so-called renormalization group-inspired scheme-
invariant approach, strongly supports this view.
The electroweak contribution to ay(th) is taken to be
ap(weak) = 154(2) x 107 | (115)
as given by Czarnecki et al. (2003, 2006). This value
was used in the 2002 adjustment and is discussed in
CODATA-02.
The hadronic contribution to ay(th) may be written as

ay(had) = al(fl) (had) + al(fja) (had) + al(lW) (had) 4 ---
(116)
where al(fl) (had) and al(fja) (had) arise from hadronic vac-

uum polarization and are of order (a/m)? and (a/T0)3,

respectively; and al(lW)

light-by-light vacuum polarization,
(o/T0%.

Values of al(fl) (had) are obtained from calculations that
evaluate dispersion integrals over measured cross sections
for the scattering of eTe™ into hadrons. In addition,
in some such calculations, data on decays of the T into
hadrons is used to replace the eTe™ data in certain parts
of the calculation. In the 2002 adjustment, results from
both types of calculation were averaged to obtain a value
that would be representative of both approaches.

There have been improvements in the calculations that
use only ete™ data with the addition of new data from
the detectors CMD-2 at Novosibirsk, KLOE at Frascati,
BaBar at the Stanford Linear Accelerator Center, and
corrected data from the detector SND at Novosibirsk
(Davier, 2007; Hagiwara et al., 2007; Jegerlehner, 2007).
However, there is a persistent disagreement between the
results that include the T decay data and those that use
only ete™ data. In view of the improvements in the re-
sults based solely on eTe™ data and the unresolved ques-
tions concerning the assumptions required to incorporate
the T data into the analysis (Davier, 2007; Davier et al.,
2006; Melnikov and Vainshtein, 2006), we use in the 2006
adjustment results based solely on eTe™ data. The value
employed is

(had), which arises from hadronic
is also of order

aiY (had) = 690(21) x 10710, (117)
which is the unweighted mean of the values al(fl) (had) =
689.4(4.6) x 10710 (Hagiwara et al, 2007) and
ai (had) = 690.9(4.4) x 10~1° (Davier, 2007). The un-

certainty assigned the value of affl) (had), as expressed in

Eq (117), is essentially the difference between the values
that include T data and those that do not. In particular,
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the result that includes T data that we use to estimate
the uncertainty is 711.0(5.8) x 107! from Davier et al.

(2003); the value of affl) (had) used in the 2002 adjust-
ment was based in part on this result. Although there
is the smaller value 701.8(5.8) x 107! from Trocéniz
and Yndurdin (2005), we use only the larger value in
order to obtain an uncertainty that covers the possibil-
ity of physics beyond the Standard Model not included
in the calculation of a,(th). Other, mostly older results

for affl) (had), but which in general agree with the two
values we have averaged, are summarized in Table IIT of
Jegerlehner (2007).
For the second term in Eq. (116), we employ the value
ai’™ (had) = —97.90(95) x 10~ 1 (118)
calculated by Hagiwara et al. (2004), which was also used
in the 2002 adjustment.

The light-by-light contribution in Eq. (116) has been
calculated by Melnikov and Vainshtein (2004, 2006), who
obtain the value

a\ (had) = 136(25) x 1071 . (119)
It is somewhat larger than earlier results, because it
includes short distance constraints imposed by quan-
tum chromodynamics (QCD) that were not included
in the previous calculations. It is consistent with the
95 % confidence limit upper bound of 159 x 10~!! for
a\" (had) obtained by Erler and Sénchez (2006), the
value 110(40) x 10! proposed by Bijnens and Prades
(2007), and the value 125(35) x 10~ ! suggested by Davier
and Marciano (2004).

The total hadronic contribution is

ap(had) = 694(21) x 107

= 595(18) x 10 "ay, . (120)

Combining terms in ay(QED) that have like powers of
a/T, we summarize the theory of ay as follows:

au(th) = au(QED) + ay(weak) + au(had) ,  (121)
where

(@) = off )+l () +al” (3)°

£ (3) 4o (2) 4, (22)

with
c? =05
c{t) = 0.765857408(27)
C¥ = 24.05050959(42)
¥ = 130.9916(30)

c{"” = 663(20) (123)

and where ay(weak) and ap(had) are as given in
Egs. (115) and (120). The standard uncertainty of a,(th)
from the uncertainties of the terms listed above, other
than that due to «, is

ulay(th)] =21 x107? = 1.8 x 107 %qy,  (124)
and is primarily due to the uncertainty of ay(had).

For the purpose of the least-squares calculations car-
ried out in Sec. XII.B, we define an additive correction
0y to au(th) to account for the lack of exact knowledge
of ay(th), and hence the complete theoretical expression
for the muon anomaly is

ap(ey, 8y) = ap(th) + 4, . (125)
Our theoretical estimate of d, is zero and its standard
uncertainty is u[ay(th)]:
Su=0.0(2.1) x 1077.. (126)
Although ay(th) and a(th) have some common compo-
nents of uncertainty, the covariance of d, and Je is negli-
gible.

2. Measurement of ap: Brookhaven.

Experiment E821 at Brookhaven National Laboratory
(BNL), Upton, New York, was initiated by the Muon g—2
Collaboration in the early-1980s with the goal of mea-
suring ay with a significantly smaller uncertainty than
ur = 7.2 x 1076, This is the uncertainty achieved in the
third g — 2 experiment carried out at the European Orga-
nization for Nuclear Research (CERN), Geneva, Switzer-
land, in the mid-1970s using both positive and negative
muons and which was the culmination of nearly 20 years
of effort (Bailey et al., 1979).

The basic principle of the experimental determination
of ay is similar to that used to determine a. and involves
measuring the anomaly difference frequency f. = fs— fe,
where fs = |gu|(eh/2my)B/h is the muon spin-flip (of-
ten called precession) frequency in the applied magnetic
flux density B and where f. = eB/2Timy, is the corre-
sponding muon cyclotron frequency. However, instead of
eliminating B by measuring f. as is done for the electron,
B is determined from proton nuclear magnetic resonance
(NMR) measurements. As a consequence, the value of
tu/tp is required to deduce the value of ay, from the
data. The relevant equation is

R
CL“ = 3
i/ pp| — R

where R = f, /Tp, and fp is the free proton NMR fre-
quency corresponding to the average flux density seen by
the muons in their orbits in the muon storage ring used in
the experiment. (Of course, in the corresponding experi-
ment for the electron, a Penning trap is employed rather
than a storage ring.)

(127)



The BNL a, experiment was discussed in both
CODATA-98 and CODATA-02. In the 1998 adjustment,
the CERN final result for R with u, = 7.2x107%, and the
first BNL result for R, obtained from the 1997 engineer-
ing run using positive muons and with u, = 13 x 1079,
were taken as input data. By the time of the 2002 adjust-
ment, the BNL experiment had progressed to the point
where the CERN result was no longer competitive, and
the input datum used was the BNL mean value of R with
u; = 6.7 x 1077 obtained from the 1998, 1999, and 2000
runs using P*. The final run of the BNL E821 experi-
ment was carried out in 2001 with p~ and achieved an
uncertainty for R of u, = 7.0 x 10~7, but the result only
became available in early 2004, well after the closing date
of the 2002 adjustment.

Based on the data obtained in all five runs and as-
suming CPT invariance, an assumption justified by the
consistency of the values of R obtained from either u* or
K™, the final report on the E821 experiment gives as the
final value of R (Bennett et al., 2006) [see also (Miller
et al., 2007)]

R = 0.0037072064(20) [5.4x 1077, (128)
which we take as an input datum in the 2006 adjustment.
A new BNL experiment to obtain a value of R with a
smaller uncertainty is under discussion (Hertzog, 2007).

The experimental value of ay implied by this value of
R is, from Eq. (127) and the 2006 recommended value
of py/pp, the uncertainty of which is inconsequential in

this application,

ay(exp) = 1.16592093(63) x 107* [5.4 x 1077] . (129)

Further, with the aid of Eq. (217) in Sec. VL.B, Eq. (127)

can be written as

_ 5 o fhom
R (@) mepe (130)

14 ac(ov, 0e) my pp
where we have used the relations go = —2(1 + a.) and
gu = —2(1 + ay) and replaced a. and ay with their

complete theoretical expressions ae(c, dc) and ay(«, dy),
which are discussed in Sec. V.A.1 and Sec. V.B.1, re-
spectively. Equation (130) is, in fact, the observational
equation for the input datum R.

a. Theoretical value of ap and inferred value of a Evalu-
ation of the theoretical expression for ay, in Eq. (121)
with the 2006 recommended value of «, the uncertainty
of which is negligible in this context, yields

au(th) = 1.1659181(21) x 10~* [1.8 x 107%,  (131)
which may be compared to the value in Eq. (129) de-
duced from the BNL result for R given in Eq. (128).
The experimental value exceeds the theoretical value by
1.3 ugir, where ugig is the standard uncertainty of the

difference. It should be recognized, however, that this
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reasonable agreement is a consequence of the compar-

atively large uncertainty we have assigned to affl) (had)

see Hq. . the result tor a ad) that mcludes
Eq. (124)]. If the result for a/” (had) that includ

tau data were ignored and the uncertainty of al(fl) (had)
were based on the estimated uncertainties of the calcu-
lated values using only eTe™ data, then the experimental
value would exceed the theoretical value by 3.5 uq;g. This
inconsistency is well known to the high-energy physics
community and is of considerable interest because it may
be an indication of “New Physics” beyond the Standard
Model, such as supersymmetry (Stéckinger, 2007).

One might ask, why include the theoretical value for
ay in the 2006 adjustment given its current problems?
By retaining the theoretical expression with an increased
uncertainty, we ensure that the 2006 recommended value
of ay reflects, even though with a comparatively small
weight, the existence of the theoretical value.

The consistency between theory and experiment may
also be examined by considering the value of o obtained
by equating the theoretical expression for a, with the
BNL experimental value, as was done for a in Sec. V.A.3.
The result is

a~ ! =137.03567(26)

[1.9 x 1079] , (132)

which is the value included in Table XIV.

C. Bound electron g-factor in *>C®T and in **07* and
Ar(e)

Precise measurements and theoretical calculations of
the g-factor of the electron in hydrogenic '2C and in hy-
drogenic 190 lead to values of A,(e) that contribute to
the determination of the 2006 recommended value of this
important constant.

For a ground-state hydrogenic ion 4X(Z=1+ with
mass number A, atomic number (proton number) Z,
nuclear spin quantum number i = 0, and g-factor
o (AX(Z’lH) in an applied magnetic flux density B,
the ratio of the electron’s spin-flip (often called pre-
cession) frequency fi = [ge— (X Z~V)|(eh/2me)B/h
to the cyclotron frequency of the ion f, = (Z —
1eB/2mum (A X (?=D+) in the same magnetic flux density
is

F(AX(Z-D+)

F(AXZ-D) -

o (AX(Z71)+) Ar(AX(Zfl)Jr)
27— 1) RO
(133)

where as usual, A,(X) is the relative atomic mass of par-
ticle X. If the frequency ratio fs/f. is determined exper-
imentally with high accuracy, and A,(4X(Z=1+) of the
ion is also accurately known, then this expression can be
used to determine an accurate value of A;(e), assuming
the bound-state electron g-factor can be calculated from
QED theory with sufficient accuracy; or the g-factor can
be determined if A, (e) is accurately known from another
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experiment. In fact, a broad program involving workers
from a number of European laboratories has been under-
way since the mid-1990s to measure the frequency ratio
and calculate the g-factor for different ions, most notably
(to date) 2C°* and 107*. The measurements them-
selves are being performed at the Gesellschaft fiir Schwe-
rionenforschung, Darmstadt, Germany (GSI) by GSI and
University of Mainz researchers, and we discuss the ex-
perimental determinations of fs/f. for 12C°* and 1607+
at GSI in Secs. V.C.2.a and V.C.2.b. The theoretical
expressions for the bound-electron g-factors of these two
ions are reviewed in the next section.

1. Theory of the bound electron g-factor

In this section, we consider an electron in the 1S state
of hydrogen like carbon 12 or oxygen 16 within the frame-
work of bound-state QED. The measured quantity is the
transition frequency between the two Zeeman levels of
the atom in an externally applied magnetic field.

The energy of a free electron with spin projection s,
in a magnetic flux density B in the z direction is

e
F=-upu B=—-g-—s,B, 134
1 Ge 2mc5 (134)
and hence the spin-flip energy difference is
AE = —g.-upB . (135)

(In keeping with the definition of the g-factor in Sec. V,
the quantity g.- is negative.) The analogous expression
for ions with no nuclear spin is
ABEL(X) = —ge- (X)uBB , (136)
which defines the bound-state electron g-factor, and
where X is either 12C5t+ or 1607+,
The theoretical expression for g.- (X) is written as

Ge— (X) = gD + Agrad + Agrcc + Agns + ’ (137)
where the individual terms are the Dirac value, the ra-
diative corrections, the recoil corrections, and the nuclear
size corrections, respectively. These theoretical contribu-
tions are discussed in the following paragraphs; numerical
results based on the 2006 recommended values are sum-
marized in Tables XV and XVI. In the 2006 adjustment
« in the expression for gp is treated as a variable, but the
constants in the rest of the calculation of the g-factors are
taken as fixed quantities.
(Breit, 1928) obtained the exact value

‘% [1 r2/1- (Za)Z}

-2 [1 - 1(Zoé)2

gp

1 1
5(Za)’ — 5 (Za)" = 51(Z0)° + -
(138)

from the Dirac equation for an electron in the field of
a fixed point charge of magnitude Ze, where the only
uncertainty is that due to the uncertainty in o.

The radiative corrections may be written as

AGraa = —2 [CC(2)(Za) (%) +CW(Za) (%)2 +. ] 7
(139)

where the coefficients C’c(2")(Z ), corresponding to n vir-
tual photons, are slowly varying functions of Za. These
coefficients are defined in direct analogy with the corre-

sponding coefficients for the free electron Cc(zn) given in
Eq. (98) so that

lim CP)(Za) = O3 | (140)

Za—

The first two terms of the coefficient C'C(Z)(Za) have
been known for some time (Close and Osborn, 1971;
Faustov, 1970; Grotch, 1970). Recently, Pachucki et al.
(2005a, 2004, 2005b) have calculated additional terms
with the result

Cc(,QS)E(ZCV) = l{1 + (Zo)* + (Za)* [%2 In(Za)™2

2 6
247 8 8
~—— — —Inky— = Ink
o6 g Mg 3]
+(Za)5RSE(Za)} : (141)
where
Inky = 2.984128556 (142)
Inks = 3.272806 545 (143)
Rsp(6a) = 22.160(10) (144)
Rse(8a) = 21.859(4) . (145)

The quantity In kg is the Bethe logarithm for the 1S state
(see Table VII) and In k3 is a generalization of the Bethe
logarithm relevant to the g-factor calculation. The re-
mainder function Rgg(Za) was obtained by Pachucki
et al. (2004, 2005b) by extrapolation of the results of
numerical calculations of the self energy for Z > 8 by
Yerokhin et al. (2002) using Eq. (141) to remove the
lower-order terms. For Z = 6 and Z = 8 this yields

C%(6a) = 0.500 183 606 65(80)

C%(8a) = 0.5003492887(14) . (146)

The lowest-order vacuum-polarization correction con-
sists of a wave-function correction and a potential correc-
tion. The wave-function correction has been calculated
numerically by Beier et al. (2000), with the result (in our
notation)

Oé,?\)/ow(ﬁa)
Oé,?\)/ow(Sa)

—0.000 001 840 3431(43) .
—0.000 005 712 028(26) .

(147)



Each of these values is the sum of the Uehling potential
contribution and the higher-order Wichmann-Kroll con-
tribution, which were calculated separately with the un-
certainties added linearly, as done by Beier et al. (2000).
The values in Eq. (147) are consistent with the result of
an evaluation of the correction in powers of Za (Karshen-
boim, 2000; Karshenboim et al., 2001a,b). For the po-
tential correction, Beier et al. (2000) found that the
Uehling potential contribution is zero and calculated the
Wichmann-Kroll contribution numerically over a wide
range of Z (Beier, 2000). An extrapolation of the nu-
merical values from higher-Z, taken together with the
analytic result of Karshenboim and Milstein (2002),

T

—(Za)P + ...

133 Ze)”

for the lowest-order Wichmann-Kroll contribution, yields
O pp(6a) = 0.000 000007 9595(69)
O pp(8a) = 0.000000033235(29) .

More recently, Lee et al. (2005) have obtained the result

CRpp(Za) = (148)

(149)

C)p(6a) = 0.000000008201(11)
CZp(8a) = 0.00000003423(11) . (150)

The values in Eq. (149) and Eq. (150) disagree somewhat,
so in the present analysis, we use a value that is an un-
weighted average of the two, with half the difference for
the uncertainty. These average values are
2
Cepy(6a)
2
C‘;\),PP(SQ)

0.000 000 008 08(12)
0.000 000 033 73(50) .

(151)

The total one-photon vacuum polarization coefficients
are given by the sum of Egs. (147) and (151):

Oc(,?\)/P(GO‘) = Oé,?\)/ow(Ga) + Oc(?\)le(Ga)
— —0.00000183226(12)
Og\),P(éZa) = Oé,?\)/ow(Sa) + Oé,z\)/l:’p(sa)

= —0.000005 678 30(50) . (152)

The total for the one-photon coefficient C’c(2)(Za),
given by the sum of Egs. (146) and (152), is
C(6a) = Cie(60) + C2pl(60)
0.500 181 774 38(81)
C(8a) = C35(80) + CRp(80)
= 0.5003436104(14) ,

(153)

and the total one-photon contribution Ag® to the g-
factor is thus

Ag?® = —202(Za) (%)

= —0.002323663914(4)
= —0.002324 415 746(7)

for Z =6
for Z =28 .
(154)
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The separate one-photon self energy and vacuum po-
larization contributions to the g-factor are given in Ta-
bles XV and XVI.

Calculations by Eides and Grotch (1997a) using the
Bargmann-Michel-Telegdi equation and by Czarnecki
et al. (2001) using an effective potential approach yield

CP(Za) = C2M) <1 + (Zo)’ +- ) (155)

6

as the leading binding correction to the free electron coef-

ficients CS*™ for any order n. For CC(Z)(Za), this correc-
tion was known for some time. For higher-order terms,
it provides the leading binding effect.

The two-loop contribution of relative order (Za)?* has
recently been calculated by Jentschura et al. (2006);
Pachucki et al. (2005a) for any S state. Their result for
the ground-state correction is

2
CH(Za) = CW <1+@)

991343 2 4
S lnky— = Ink
155520 9 10T 3 R

+ (Za)t [19—4 In(Za) " +

679TE 144178 1441 ;
2960 720 210 4(3)} +0(Za)

— —0.3285778(23) for Z =6

— —0.3286578(97) for Z =8, (156)

where In kg and In ks are given in Egs. (142) and (143).
The uncertainty due to uncalculated terms is estimated
by assuming that the unknown higher-order terms, of or-
der (Za)® or higher for two loops, are comparable to the
higher-order one-loop terms scaled by the free-electron
coefficients in each case, with an extra factor of 2 in-
cluded (Pachucki et al., 2005a):

u[0§4>(za)} — 2 ’(Zoz)5Ce(4) RSE(ZQ)’ . (157)

The three- and four-photon terms are calculated with
the leading binding correction included:

7 2
c(Za) = C© (14_%4_...)
= 1.181611... for Z=6
— 1.181905... for Z=8, (158)

where C{% = 1.181234... , and

2
oty = o (14228 )
= —1.7289(35)... for Z =6
= —1.7293(35)... for Z=8, (159)

where C{®) = —1.7283(35) (Kinoshita and Nio, 2006a).
This value would shift somewhat if the more recent ten-
tative value C8¥) = —1.9144(35) (Aoyama et al., 2007)
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were used (see Sec. V). An uncertainty estimate

Cza) ~ CI <007 (100

is included for the five-loop correction.

The recoil correction to the bound-state g-factor as-
sociated with the finite mass of the nucleus is denoted
by Agrec, which we write here as the sum Ag£32 + Aggg
corresponding to terms that are zero- and first-order in

a/ T, respectively. For Agﬁgg, we have
L (za
31+ +/1—(Za)?)?
2
—(Za)? P(Za)} e 4o (m)

mN

AgQ) = {—(Zaf

= —0.00000008771(1)... for Z =6
= —0.00000011711(1)... for Z =8 ,(161)

where my is the mass of the nucleus. The
mass ratios, obtained from the 2006 adjustment, are
me/m(Y2C%T) = 0.0000457275. .. and m./m(*°08%F) =
0.0000343065.... The recoil terms are the same as in
CODATA-02 and references to the original calculations
are given there. An additional term of the order of the
mass ratio squared is included as

Sz(Za)? (me )2 ;

mnN

(162)

where Sz is taken to be the average of the disagreeing
values 1+ Z, obtained by Eides (2002); Eides and Grotch
(1997a), and Z/3 obtained by Martynenko and Faustov
(2001, 2002) for this term. The uncertainty in Sy is taken
to be half the difference of the two values.

For Aggg, we have

a(Za)? me

?[T mN

= 0.00000000006... for Z =6
= 0.00000000009... for Z =8 .

Ag3)

(163)

There is a small correction to the bound-state g-factor
due to the finite size of the nucleus, of order

2
Agns = —;(Za)4 (@) + ERI

o (164)

where Ry is the bound-state nuclear rms charge radius
and Xc¢ is the Compton wavelength of the electron di-
vided by 21t This term is calculated as in CODATA-02
(Glazov and Shabaev, 2002) with updated values for the
nuclear radii Ry = 2.4703(22) fm and Ry = 2.7013(55)
from the compilation of Angeli (2004) for 12C and 60,
respectively. This yields the correction

for 12C
for 160 .

Agns = —0.000000000408(1)

Agns = —0.00000000156(1) (165)

The theoretical value for the g-factor of the electron
in hydrogenic carbon 12 or oxygen 16 is the sum of the
individual contributions discussed above and summarized

in Tables XV and XVI:

o (12C5+)
ge-(1°0™) =

—2.001 041 590 203(28)
—2.000 047 020 38(11) .
(166)

For the purpose of the least-squares calculations car-
ried out in Sec. XII.B, we define gc(th) to be the sum
of gp as given in Eq. (138), the term —2(04/1‘[)052), and
the numerical values of the remaining terms in Eq. (137)
as given in Table XV, where the standard uncertainty of

these latter terms is

u[go(th)] = 0.3 x 1071% = 1.4 x 10~ [ga(th)] .
(167)

The uncertainty in gc(th) due to the uncertainty in
a enters the adjustment primarily through the func-
tional dependence of gp and the term —2(a/T[)Cé2) on
«. Therefore this particular component of uncertainty is
not explicitly included in u[gc(th)]. To take the uncer-
tainty u[gc(th)] into account we employ as the theoretical

expression for the g-factor
gc(a,6c) = ge(th) +dc , (168)

where the input value of the additive correction d¢ is
taken to be zero and its standard uncertainty is u[gc(th)]:
5c = 0.00(27) x 10710, (169)

Analogous considerations apply for the g-factor in oxy-
gen:

u[go(th)] = 1.1 x 107! = 5.3 x 107 |go(th)

|
(170)
go(a,d0) = go(th) +do (171)
So = 0.0(1.1) x 1071, (172)

Since the uncertainties of the theoretical values of the
carbon and oxygen g-factors arise primarily from the
same sources, the quantities ¢ and dp are highly cor-
related. Their covariance is

u(6c,00) =27 x 10722 | (173)

which corresponds to a correlation coefficient of
7‘(60, 60) = 0.92.

The theoretical value of the ratio of the two g-factors,
which is relevant to the comparison to experiment in

Sec. V.C.2.c, is

(12C5+)

% = 1.000497273218(41),  (174)

where the covariance, including the contribution from the
uncertainty in « for this case, is taken into account.



TABLE XV Theoretical contributions and total for the g-
factor of the electron in hydrogenic carbon 12 based on the
2006 recommended values of the constants.

Contribution Value Source
Dirac gp —1.998 721 354 402(2) Eq. (138)
Agl) —0.002 323 672 426(4) Eq. (146)
Ag) 0.000 000 008 512(1) Eq. (152)
Ag?P 0.000 003 545 677(25) Eq. (156)
Ag® —0.000 000 029 618 Eq. (158)
Ag® 0.000 000 000 101 Eq. (159)
Ag1? 0.000 000 000 000(1) Eq. (160)
Agrec —0.000 000 087 639(10)  Egs. (161)-(163)
Agns —0.000 000 000 408(1) Eq. (165)
go— (F2C°T) —2.001 041 590 203(28) Eq. (166)

TABLE XVI Theoretical contributions and total for the g-
factor of the electron in hydrogenic oxygen 16 based on the
2006 recommended values of the constants.

Contribution Value Source
Dirac gp —1.997 726 003 08 Eq. (138)
Ags) —0.002 324442 12(1) Eq. (146)
Ag) 0.000 000 026 38 Eq. (152)
Ag® 0.000 003 546 54(11) Eq. (156)
Ag® —0.000 000 029 63 Eq. (158)
Ag® 0.000 000 000 10 Eq. (159)
Agt® 0.000 000 000 00 Eq. (160)
Agrec —0.000 000 117 02(1) Egs. (161)-(163)
Agns —0.000 000 001 56(1) Eq. (165)
go— (*60™) —2.000 047 020 38(11) Eq. (166)

2. Measurements of g.(*>C®T) and g.(**0™™).

The experimental data on the electron bound-state g-
factor in hydrogenic carbon and oxygen and the inferred
values of A;(e) are summarized in Table XVII.

a. Experiment on go(**C°%). The accurate determination
of the frequency ratio fs(12C%+)/f.(*2C5%) at GSI based
on the double Penning-trap technique was discussed in
CODATA-02. [See also the recent concise review by
Werth et al. (2006).] Since the result used as an input
datum in the 2002 adjustment is unchanged, we take it
as an input datum in the 2006 adjustment as well (Beier
et al., 2002; Haffner et al., 2003; Werth, 2003):

fs (1205-‘4-)

() = 4876:2104989(23)

(175)
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From Eq. (133) and Eq. (4) we have

1, (1205+) Go- (1205+)
fo(12C5F) — T T 10A4.(e)
1540+ 2EDZBECD | iz

which is the basis for the observational equation for the
1205+ frequency-ratio input datum.

Evaluation of this expression using the result for
fs(12C5T) / f(12C5F) in Eq. (175), the theoretical result
for g.- (*2C5%) in Table XV, and the relevant binding
energies in Table IV of CODATA-02, yields

Ar(e) = 0.000 548 579909 32(29) [5.2 x 1071°) . (177)
This value is consistent with that from antiprotonic
helium given in Eq. (74) and that from the University of
Washington given in Eq. (5), but has about a factor of
three to four smaller uncertainty.

b. Experiment on g.(**0""). The double Penning-
trap  determination of the frequency ratio
fs(F80™) /£.(107) at GSI was also discussed in
CODATA-02, but the value used as an input datum
was not quite final (Verdu et al., 2003, 2002; Werth,
2003). A slightly different value for the ratio was given
in the final report of the measurement (Tomaselli et al.,
2002), which is the value we take as the input datum
in the 2006 adjustment but modified slightly as follows
based on information provided by Verdd (2006): (i) an
unrounded instead of a rounded value for the correction
due to extrapolating the axial temperature T, to 0 K was
added to the uncorrected ratio (—0.000004 7 in place of
—0.000005); and (ii) a more detailed uncertainty budget
was employed to evaluate the uncertainty of the ratio.
The resulting value is

fs (1607+)

(178)

In analogy with what was done above with the ratio
fs(F2C5H) / f.(12C5T), from Eq. (133) and Eq. (4) we have

for- S e o
with
A (1°0) = A (°0™) + TAc(e)
B0 B (0

which are the basis for the observational equations
for the oxygen frequency ratio and A,('60), respec-
tively. The first expression, evaluated using the result
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TABLE XVII Summary of experimental data on the electron bound-state g-factor in hydrogenic carbon and oxygen and
inferred values of the relative atomic mass of the electron.

Input datum Value Relative standard Identification Sec. and Eq.
uncertainty ur

f(F2CPT) /f(F2CPT)  4376.210 4989(23) 5.2 x 10710 GSI-02 V.C.2.a (175)

Ar(e) 0.000 548 57990932(29) 5.2 x 107 V.C.2.a (177)

f:(F50™)/f.(**O™F)  4164.376 1837(32) 7.6 x 10710 GSI-02 V.C.2.b (178)

Ar(e) 0.000 548 579909 58(42) 7.6 x 107*° V.C.2.b (181)

for fs(*07*)/f.(*0O7*) in Eq. (178) and the theoreti-
cal result for g.- (107) in Table XVI, in combination
with the second expression, evaluated using the value of
A;(160) in Table IV and the relevant binding energies in
Table IV of CODATA-02, yields

Ar(e) = 0.000 548 579909 58(42) [7.6 x 10710) . (181)

It is consistent with both the University of Washington
value in Eq. (5) and the value in Eq. (177) obtained from

fs(1205+)/fc(12c5+).

c. Relations between go(*2C°") and g.(**O""). It should
be noted that the GSI frequency ratios for 2C°* and
16Q7 are correlated. Based on the detailed uncertainty
budgets of the two results (Verdd, 2006; Werth, 2003),
we find the correlation coefficient to be

fs (1205+) fs (1607+)

fo (205" f, (1607+) =0.082.

(182)

Finally, as a consistency test, it is of interest to com-
pare the experimental and theoretical values of the ratio
of ge— (12C5T) to go- (1°07) (Karshenboim and Ivanov,
2002). The main reason is that the experimental value of
the ratio is only weakly dependent on the value of A, (e).
The theoretical value of the ratio is given in Eq. (174) and
takes into account the covariance of the two theoretical
values. The experimental value of the ratio can be ob-
tained by combining Egs. (175), (176), (178) to (180) and
(182), and using the 2006 recommended value for A;(e).
Because of the weak dependence of the experimental ra-
tio on A,(e), the value used is not at all critical. The
result is

Go (1205-1-)

_ —10
W50 " 1.000497 273 68(89) [8.9 x 10~ 0] ,(183)

in agreement with the theoretical value.

VI. MAGNETIC MOMENT RATIOS AND THE
MUON-ELECTRON MASS RATIO

Magnetic moment ratios and the muon-electron mass
ratio are determined by experiments on bound states of
the relevant particles. The free electron and muon mag-
netic moments are discussed in Sec. V and the theory

of the g-factor of an electron bound in an atom with no
nuclear spin is considered in Sec. V.C.1.

For nucleons or nuclei with spin I, the magnetic mo-
ment can be written as

I

w 95 L (184)

or

= guNi . (185)

In Eq. (185), un = eh/2my is the nuclear magneton,
defined in analogy with the Bohr magneton, and ¢ is the
spin quantum number of the nucleus defined by I? =
i(i + 1)h* and I, = —ih, ..., (i — 1)h, ih, where I, is the
spin projection. However, in some publications, moments
of nucleons are expressed in terms of the Bohr magneton
with a corresponding change in the definition of the g-
factor.

For atoms with a nonzero nuclear spin, bound state
g-factors are defined by considering the contribution to
the Hamiltonian from the interaction of the atom with
an applied magnetic flux density B. For example, for
hydrogen, in the framework of the Pauli approximation,
we have

H = BH)pe- -ty — pe- (H) - B — pp(H) - B

21 UB HN

%AVHSI—QC—(H)Y SB_gp(H)? IB7
(186)

where G(H) characterizes the strength of the hyperfine
interaction, Avy is the ground-state hyperfine frequency,
s is the spin of the electron, and I is the spin of the
nucleus, that is, the proton. Equation (186), or its analog
for other combinations of particles, serves to define the
corresponding bound-state g-factors, which are g.- (H)
and gp(H) in this case.

A. Magnetic moment ratios

A number of magnetic moment ratios are of interest for
the 2006 adjustment. The results of measurements and
the inferred values of various quantities are summarized
in Sec. VI.A.2, and the measurement results themselves
are also summarized in Table XIX.

The inferred moment ratios depend on the relevant
theoretical binding corrections that relate the g-factor



measured in the bound state to the corresponding free-
particle g-factor. To use the results of these experiments
in the 2006 adjustment, we employ theoretical expres-
sions that give predictions for the moments and g-factors
of the bound particles in terms of free-particle moments
and g-factors as well as adjusted constants; this is dis-
cussed in the following section. However, in a number of
cases, the differences between the bound-state and free-
state values are sufficiently small that the adjusted con-
stants can be taken as exactly known.

1. Theoretical ratios of atomic bound-particle to free-particle
g-factors

Theoretical g-factor-related quantities used in the 2006
adjustment are the ratio of the g-factor of the electron
in the ground state of hydrogen to that of the free elec-
tron ge- (H)/ge-; the ratio of the g-factor of the proton
in hydrogen to that of the free proton g,(H)/gp; the anal-
ogous ratios for the electron and deuteron in deuterium,
go- (D)/ge— and ga(D)/gq, respectively; and the analo-
gous ratios for the electron and positive muon in muon-
ium, ge- (Mu)/ge- and g,,+ (Mu)/g,+, respectively.

These ratios and the references for the relevant calcu-
lations are discussed in CODATA-98 and CODATA-02;
only a summary of the results is included here.

For the electron in hydrogen, we have

2280 — 1 4(za - H(Za)' + (2P ()
(a4 (4 - 1) (zeg? (5)
~5(za (%) ZP o (187)

where A§4) is given in Eq. (84). For the proton in hydro-
gen, we have

gp(H)
L = 1-ta(Za) - Fa(Za)®
9p
e 3 +4
Hla(Za)De2 T | (188)
mp 1+ ayp

where the proton magnetic moment anomaly ay, is defined
by

Hp

—— - 1=1.793.
(eh/2my)

(189)

ap:

For deuterium, similar expressions apply for the elec-
tron

=0 _ gzt o (2)
o (-3 o 3

~2(Za)? (O‘) Me 4o,

190
) (190)
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TABLE XVIII Theoretical values for various bound-particle
to free-particle g-factor ratios relevant to the 2006 adjustment
based on the 2006 recommended values of the constants.

Ratio Value
Go- (H)/go- 1—17.7054 x 10~°
9o (H)/9p 1—17.7354 x 10~
go— (D)/go- 1—17.7126 x 1076
9da(D)/ga 1—17.7461 x 1076
Go— (Mu)/go— 1—17.5926 x 1076
g+ (Mu)/g,,+ 1—17.6254 x 10~¢
and deuteron
94(D)
= = 1-1a(Za) - Za(Za)®
gd
me 3 + 4aq
+ia(Za + 191
6 ( )md 14+ aq (191)

where the deuteron magnetic moment anomaly aq is de-
fined by

Hd
——— — 1~ -0.143 .
(eh/ma)

In the case of muonium Mu, some additional higher-
order terms are included because of the larger mass ratio.
For the electron in muonium, we have

Ge— (Mu) _
Ge—

(192)

aq =

and for the muon in muonium, the ratio is

Gu+ (Mu)

o = 1-1a(Za) - Za(Za)?

108

wl»—‘

ho(20) 2 + hotzo) ()

~3(1+ Z)a(Za) (%>2+---

my

(194)

The numerical values of the corrections in Eqgs. (187)
0 (194), based on the 2006 adjusted values of the rele-
vant constants, are listed in Table XVIII. Uncertainties
are negligible at the level of uncertainty of the relevant
experiments.

2. Ratio measurements
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a. Electron to proton magnetic moment ratio pe/p,. The
ratio pe/pp is obtained from measurements of the ra-
tio of the magnetic moment of the electron to the mag-
netic moment of the proton in the 1S state of hydrogen
to- (H)/pp(H). We use the value obtained by Winkler
et al. (1972) at MIT:

fe— (H)
Hp (H)

where a minor typographical error in the original pub-
lication has been corrected (Kleppner, 1997). The free-
particle ratio e/, follows from the bound-particle ratio
and the relation

e gp(H) (gc(H))_l o= (H)
Hp 9p Ge— /Lp(H)
= —658.2106860(66) [1.0 x 107°], (196)

[1.0 x 1078, (195)

= —658.210 7058(66)

where the bound-state g-factor ratios are given in Table
XVIIL.

b. Deuteron to electron magnetic moment ratio fd/e.
From measurements of the ratio pq(D)/pte— (D) in the 1S
state of deuterium, Phillips et al. (1984) at MIT obtained

D
&D) = —4.664 345 392(50) x 10~*

-8
D) [1.1x 1078 .

(197)

Although this result has not been published, as in the
1998 and 2002 adjustments, we include it as an input da-
tum, because the method is described in detail by Win-
kler et al. (1972) in connection with their measurement
of po- (H)/pp(H). The free-particle ratio is given by

ta_ ge- (D) (gd(D))_l pa(D)
He- o~ ga te— (D)
= —4.664345548(50) x 10~ [1.1 x 107%] ,
(198)

with the bound-state g-factor ratios given in Table X VIII.

c. Proton to deuteron and triton to proton magnetic moment
ratios pip/pa and pe/pp - The ratios pp/pa and pe/pp can
be determined by nuclear magnetic resonance (NMR)
measurements on the HD molecule (bound state of hydro-
gen and deuterium) and the HT molecule (bound state
of hydrogen and tritium, *H), respectively. The relevant
expressions are (see CODATA-98)

pp(HD) o . Hp
T (iD) [1 + 04(HD) — 0, (HD)] o (199)
pe(HT)

= [1 = o(HT) + o (HT)] £ |

jip (IT) w0

where u,(HD) and pq(HD) are the proton and deuteron
magnetic moments in HD, respectively, and o,(HD) and
o4(HD) are the corresponding nuclear magnetic shielding
corrections. Similarly, uy(HT) and p,(HT) are the tri-
ton (nucleus of tritium) and proton magnetic moments
in HT, respectively, and oy (HT) and o, (HT) are the cor-
responding nuclear magnetic shielding corrections. [Note
that u(bound) = (1 —o)u(free) and the nuclear magnetic
shielding corrections are small.]

The determination of p1q/pp from NMR measurements
on HD by Wimett (1953) and by a Russian group work-
ing in St. Petersburg (Gorshkov et al., 1989; Neronov
et al., 1975) was discussed in CODATA-98. However, for
reasons given there, mainly the lack of sufficient infor-
mation to assign a reliable uncertainty to the reported
values of uq(HD)/u,(HD) and also to the nuclear mag-
netic shielding correction difference oq(HD) — o, (HD),
the results were not used in the 1998 or 2002 adjust-
ments. Further, since neither of these adjustments ad-
dressed quantities related to the triton, the determina-
tion of i /pp from measurements on HT by the Russian
group (Neronov and Barzakh, 1977) was not considered
in either of these adjustments. It may be recalled that a
systematic error related to the use of separate inductance
coils for the proton and deuteron NMR resonances in the
measurements of Neronov et al. (1975) was eliminated in
the HT measurements of Neronov and Barzakh (1977)
as well as in the HD measurements of Gorshkov et al.
(1989).

Recently, a member of the earlier St. Petersburg group
together with one or more other Russian colleagues in
St. Petersburg published the following results based in
part on new measurements and re-examination of rel-
evant theory (Karshenboim et al., 2005; Neronov and
Karshenboim, 2003):

pip(HD) _ B
m = 3.257199531(29) [8.9 x 10 9] (201)
pe(HT) B

11 () = 1.066639887(10) [9.4 x 10 9] (202)

oap = 04(HD) — 0, (HD) = 15(2) x 1072 (203)
oy = op(HT) — o, (HT) = 20(3) x 1072, (204)

which together with Eqgs. (199) and (200) yield
Hp

P = 3.257199482(30) [9.1x1077]  (205)
Hd
Bt 1.066639908(10)  [9.8x 107% .  (206)
Hp

The purpose of the new work (Karshenboim et al.,
2005; Neronov and Karshenboim, 2003) was (i) to check
whether rotating the NMR sample and using a high-
pressure gas as the sample (60 to 130 atmospheres),
which was the case in most of the older Russian exper-
iments, influenced the results and to report a value of
tp(HD)/pa(HD) with a reliable uncertainty; and (ii) to
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TABLE XIX Summary of data for magnetic moment ratios of various bound particles.

Quantity Value

Relative standard Identification Sect. and Eq.
uncertainty ur,

pre— (H)/pp (H)
pa(D)/pe- (D)

—658.210 7058(66)
—4.664 345 392(50) x 1074

pip (HD) /p1a (HD) 3.257 199 531(29)
Tdp 15(2) x 107°

e (HT) /i (HT) 1.066 639 887(10)
Otp 20(3) x 107°

fe— (F)/ 12}y —658.215 9430(72)
1/ 14 —0.761 786 1313(33)
[/ 120 —0.684 996 94(16)

1.0 x 1078 MIT-72 VL.A.2.a (195)
1.1x107%  MIT-84 VI.A.2.b (197)
89x107%  StPtrsb-03 VILA.2.c (201)

StPtrsb-03  VI.A.2.c (203)
9.4 x107%  StPtrsb-03 VILA.2.c (202)

StPtrsb-03  VI.A.2.c (204)
1.1x107%  MIT-77 VI.A.2.d (209)
43x107°  NPL-93 VL.A.2.e (211)
24 %1077 ILL-79 VLA.2.f (212)

re-examine the theoretical values of the nuclear magnetic
shielding correction differences o4, and oy, and their un-
certainties. It was also anticipated that based on this new
work, a value of p¢(HT)/p,(HT) with a reliable uncer-
tainty could be obtained from the highly precise mea-
surements of Neronov and Barzakh (1977). However,
Gorshkov et al. (1989), as part of their experiment to
determine puq/pp, compared the result from a 100 atmo-
sphere HD rotating sample with a 100 atmosphere HD
non-rotating sample and found no statistically significant
difference.

To test the effect of sample rotation and sample pres-
sure, Neronov and Karshenboim (2003) performed mea-
surements using a commercial NMR spectrometer op-
erating at a magnetic flux density of about 7 T and a
non-rotating 10 atmosphere HD gas sample. Because of
the relatively low pressure, the NMR signals were com-
paratively weak and a measurement time of 1 h was re-
quired. To simplify the measurements, the frequency of
the proton NMR signal from HD was determined rela-
tive to the frequency of the more easily measured proton
NMR signal from acetone, (CH3)2CO. Similarly, the fre-
quency of the deuteron NMR signal from HD was de-
termined relative to the frequency of the more easily
measured deuteron NMR signal from deuterated acetone,
(CD3)2CO. A number of tests involving the measurement
of the hyperfine interaction constant in the case of the
proton triplet NMR spectrum, and the isotopic shift in
the case of the deuteron, where the deuteron HD doublet
NMR spectrum was compared with the singlet spectrum
of Dy, were carried out to investigate the reliability of the
new data. The results of the tests were in good agreement
with the older results obtained with sample rotation and
high gas pressure.

The more recent result for p,(HD)/uq(HD) reported
by Karshenboim et al. (2005), which was obtained with
the same NMR spectrometer employed by Neronov and
Karshenboim (2003) but with a 20 atmosphere non-
rotating gas sample, agrees with the 10 atmosphere non-
rotating sample result of the latter researchers and is
interpreted by Karshenboim et al. (2005) as confirming
the 2003 result. Although the values of p,(HD)/pa(HD)
reported by the Russian researchers in 2005, 2003, and

1989 agree, the 2003 result as given in Eq. (201) and
Table XIX, the uncertainty of which is dominated by
the proton NMR line fitting procedure, is taken as the
input datum in the 2006 adjustment because of the at-
tention paid to possible systematic effects, both experi-
mental and theoretical.

Based on their HD measurements and related anal-
ysis, especially the fact that sample pressure and ro-
tation do not appear to be a problem at the current
level of uncertainty, Neronov and Karshenboim (2003)
conclude that the result for p(HT)/pp(HT) reported
by Neronov and Barzakh (1977) is reliable but that it
should be assigned about the same relative uncertainty
as their result for p,(HD)/pq(HD). We therefore include
as an input datum in the 2006 adjustment the result for
we(HT) /pp(HT) given in Eq. (202) and Table XIX.

Without reliable theoretically calculated values for the
shielding correction differences o4, and oyp, reliable ex-
perimental values for the ratios pp,(HD)/pq(HD) and
wy(HT) /1 (HT) are of little use. Although Neronov and
Barzakh (1977) give theoretical estimates of these quan-
tities based on their own calculations, they do not discuss
the uncertainties of their estimates. To address this issue,
Neronov and Karshenboim (2003) carefully examined the
calculations and concluded that a reasonable estimate of
the relative uncertainty is 15 %. This leads to the values
for o4p and oy, in Egs. (203) and (204) and Table XIX,
which we also take as input data for the 2006 adjustment.
[For simplicity, we use StPtrsb-03 as the identifier in Ta-
ble XIX for up,(HD)/pa(HD), pt(HT)/pp(HT), 04p, and
Otp, because they are directly or indirectly a consequence
of the work of Neronov and Karshenboim (2003).]

The equations for the measured moment ratios
tp(HD)/pa(HD) and g (HT) /i (HT) in terms of the ad-
justed constants fie—/fp, td/te—s i/ tp, Tdp, and oyp
are, from Egs. (199) and (200),

(D) (e \ T ()
paip) — dp](up) <u) (200
pe(HT) . M

pp(ry — 209



36

d. Electron to shielded proton magnetic moment ratio e/ iy,
Based on the measurement of the ratio of the electron mo-
ment in the 1S state of hydrogen to the shielded proton
moment at 34.7 °C by Phillips et al. (1977) at MIT, and
temperature-dependence measurements of the shielded
proton moment by Petley and Donaldson (1984) at the
National Physical Laboratory (NPL), Teddington, UK,
we have

pe- (H)

/
b

= —658.2159430(72) [1.1 x 107%] ,(209)

where the prime indicates that the protons are in a spher-
ical sample of pure HoO at 25 °C surrounded by vacuum.

Hence
—1
He= _ (gc(H)> fe— (H)
M Ge— M

—658.2275971(72) [1.1 x 107%], (210)

where the bound-state g-factor ratio is given in Table
XVIII. Support for the MIT result in Eq. (210) from
measurements at NPL on the helion (see the following
section) is discussed in CODATA-02.

e. Shielded helion to shielded proton magnetic moment ratio
pn/pp.  The ratio of the magnetic moment of the helion
h, the nucleus of the 3He atom, to the magnetic moment
of the proton in HoO was determined in a high-accuracy
experiment at NPL (Flowers et al., 1993) with the result

i
v _ 0761786 1313(33)

1

[4.3x 1077 . (211)

The prime on the symbol for the helion moment indi-
cates that the helion is not free, but is bound in a helium
atom. Although the exact shape and temperature of the
gaseous “He sample is unimportant, we assume that it is
spherical, at 25 °C, and surrounded by vacuum.

f. Neutron to shielded proton magnetic moment ratio pn/p,.
Based on a measurement carried out at the Institut
Max von Laue-Paul Langevin (ILL) in Grenoble, France
(Greene et al., 1979, 1977), we have

By 0684996 94(16)

(2.4 x 1077] .
o

(212)
The observational equations for the measured values
of iy, /py, and puy /py, are simply

[/ by = i/t (213)

and

MH//’I’; = Mn//lén (214)

while the observational equations for the measured values

of 1o~ (H)/pup(H), pa(D)/pte- (D), and e~ (H)/ i, follow
directly from Egs. (196), (198), and (210), respectively.

B. Muonium transition frequencies, the muon-proton
magnetic moment ratio /i, and muon-electron mass
ratio my/me

Measurements of transition frequencies between Zee-
man energy levels in muonium (the pTe™ atom) yield
values of p,/pp and the muonium ground-state hyper-
fine splitting Ay, that depend weakly on theory. The
relevant expression for the magnetic moment ratio is

Hut AVI%Au_VQ(fp)"'zSCfpV(fp) (9u+(Mu))l

Hp B 4SCfg -2fp V(fp) Gu+

(215)

where Awvyy, and v(fp) are the sum and difference of
two measured transition frequencies, f is the free proton
NMR reference frequency corresponding to the magnetic
flux density used in the experiment, g, + (Mu)/g,+ is the
bound-state correction for the muon in muonium given
in Table XVIII, and

_ M= ge= (Mu)
Sy G
where g.— (Mu)/g.- is the bound-state correction for the
electron in muonium given in the same table.
The muon to electron mass ratio my/m. and the muon
to proton magnetic moment ratio p,/p, are related by

o) () (2)

The theoretical expression for the hyperfine splitting
Avppy(th) is discussed in the following section and may
be written as

(216)

(217)

16 m me\ °
Ay (th) = —cRooa®?— 1+ =)  F(a,me
Vnu(th) 3¢ amu<+mu) (o, me/my)

= AvpF(a,me/my) | (218)

where the function F depends weakly on a and m./my,.
By equating this expression to an experimental value of
Ay, one can calculate a value of « from a given value
of my/me or one can calculate a value of my/m. from a
given value of a.

1. Theory of the muonium ground-state hyperfine splitting

This section gives a brief summary of the present
theory of Ay, the ground-state hyperfine splitting of
muonium (UtTe~ atom). There has been essentially no
change in the theory since the 2002 adjustment. Al-
though complete results of the relevant calculations are
given here, references to the original literature included in
CODATA-98 or CODATA-02 are generally not repeated.

The hyperfine splitting is given mainly by the Fermi
formula:

-3
Avp = B g 7802 {1 + %] . (219)
3 my my



Some of the theoretical expressions correspond to a muon
with charge Ze rather than e in order to identify the
source of the terms. The theoretical value of the hyper-
fine splitting is given by
Ay (th) = Avp + Avyad + Abyec
+AVr—r + AVwcak + AVhad ; (220)

where the terms labeled D, rad, rec, r-r, weak, and
had account for the Dirac (relativistic), radiative, recoil,
radiative-recoil, electroweak, and hadronic (strong inter-
action) contributions to the hyperfine splitting, respec-
tively.

The contribution Avp, given by the Dirac equation, is

Avp = Avp(l+ay) [1+ 3(Za)’ + X(Za)' +--- ],
(221)

where ay, is the muon magnetic moment anomaly.

The radiative corrections are written as

Avaa = Avp(l+ ay) {D(z)(za) (%)

+DW(Za) (%)2 + DO Za) (%)3 +- ] :
(222)

where the functions D(")(Za) are contributions associ-
ated with n virtual photons. The leading term is

D®(Za) = AP + (n2 - 3)Za
+[— 21n*(Za) 2 + (2L — Sn2)In(Za) 2
+16.9037 .. } (Za)?
+ [ (2In2 - 59i67) ln(Za)_Q] M Za)?
+G(Za)(Za)? (223)
where A§2) = 1, as in Eq. (83). The function G(Za)

accounts for all higher-order contributions in powers of
Za, and can be divided into parts that correspond to the
self-energy or vacuum polarization, G(Za) = Gsg(Za)+
Gvyp(Za). We adopt the value

Gsp(a) = —14(2) (224)

which is the simple mean and standard deviation of the
three values: Ggg(a) = —12.0(2.0) from Blundell et al.
(1997); Gsg(0) = —15.9(1.6) from Nio (2001, 2002); and
Gse(a) = —14.3(1.1) from Yerokhin and Shabaev (2001).
The vacuum polarization part Gyp(Za) has been calcu-
lated to several orders of Za by Karshenboim et al. (1999,
2000). Their expression yields

va (a) = 7.227(9) .
For D(Za), as in CODATA-02, we have

(225)

DW(Za) = AP + 07717 (A)Za + [~ 4 1n*(Za)

—0.6390... x In(Za) "% + 10(2.5)} (Za)?
TR (226)
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where A§4) is given in Eq. (84).
Finally,
DO(Za) =AY 4 ... (227)
where only the leading contribution Agﬁ) as given in
Eq. (85) is known. Higher-order functions D®™)(Za)

with n > 3 are expected to be negligible.
The recoil contribution is given by

Avpee = Avple _%ln(ﬂ)@
My 1 — (me/my) me/ T

1 65

i In(Za)? - 8In2+ —

(1 + me/my)” { 7o) 18

1 — o 1)1
+{2n2 . <me> * <21T2 > n<me>
1 e
93 33((3) __3_121n2} T }(Za)2
mu

e e 12
3 my 21 o —2
+ { 5 In ( ) In(Za) 5 In® (Za)

Me

+ (E —101n 2) In(Za) ™2

18
+40(10)} (Z§)3> e

(228)

as discussed in CODATA-02
The radiative-recoil contribution is

= (@) T [ () ()
21 U3 35%[4 2 o

—— — 4+ — —1
+2C(3)+6+9 3na

+ <E In2— %) Ina™? - 40(10)}11@

Avpy

3 180
+[_ Lt () 1 22 (ﬂ)]ﬂ}
3 Me 3 Mme/ | T

o Me 2 13
—vpat | — 61112—!—? +eey (229)
My

where, for simplicity, the explicit dependence on Z is not
shown.

The electroweak contribution due to the exchange of a
Z° boson is (Eides, 1996)

Alyeak = —65 Hz . (230)

For the hadronic vacuum polarization contribution we
use the result of Eidelman et al. (2002),
Avhaqa = 236(4) Hz (231)

which takes into account experimental data on the cross
section for e"e™ — "1 and on the @ meson leptonic
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width. The leading hadronic contribution is 231.2(2.9)
and the next order term is 5(2) giving a total of 236(4).
The pion and kaon contributions to the hadronic cor-
rection have been considered within a chiral unitary ap-
proach and found to be in general agreement with (but
have a three times larger uncertainty) the correspond-
ing contributions given in earlier studies using data from
et-e~ scattering (Palomar, 2003).

The standard uncertainty of Awyy,(th) was fully dis-
cussed in Appendix E of CODATA-02. The four
principle sources of uncertainty are the terms Avy,g,
Ayec, Avy_y, and Avpaq in Eq. (220). Included in
the 67 Hz uncertainty of Awv,_, is a 41 Hz compo-
nent, based on the partial calculations of Eides et al.
(2002, 2003); Li et al. (1993), to account for a pos-
sible uncalculated radiative-recoil contribution of or-
der Avp(me/(my)(a/T)? In(my/me) and non-logarithmic
terms. Since the completion of the 2002 adjustment, the
results of additional partial calculations have been pub-
lished that, if taken at face value, would lead to a small
reduction in the 41 Hz estimate (D’Agostino et al., 2005;
Eides et al., 2004; Eides and Shelyuto, 2003, 2004, 2007).
However, because the calculations are not yet complete
and the decrease of the 101 Hz total uncertainty assigned
to Ay, (th) for the 2002 adjustment would only be a few
percent, the Task Group decided to retain the 101 Hz un-
certainty for the 2006 adjustment.

We thus have for the standard uncertainty of the the-
oretical expression for the muonium hyperfine splitting
Ay (th)

u[Avp(th)] = 101 Hz  [2.3 x 1079] . (232)

For the least-squares calculations, we use as the theoret-
ical expression for the hyperfine splitting

AI/MI](ROO7 «, %7 6[17 6Mu> = AVMu(th) + 6Mu )
m

i
(233)

where d\y is assigned, a priori, the value
Omu = 0(101) Hz (234)

in order to account for the uncertainty of the theoretical
expression.
The theory summarized above predicts

Ay, = 4463302881(272) Hz  [6.1 x 1075] , (235)

based on values of the constants obtained from a varia-
tion of the 2006 least-squares adjustment that omits as
input data the two LAMPF measured values of Ay,
discussed in the following section.

The main source of uncertainty in this value is the mass
ratio m./my that appears in the theoretical expression
as an overall factor. See the text following Eq. (D14) of
Appendix D of CODATA-98 for an explanation of why
the relative uncertainty of the predicted value of Awvyy
in Eq. (235) is smaller than the relative uncertainty of
the electron-muon mass ratio as given in Eq. (243) of
Sec. VI.B.2.c.

2. Measurements of muonium transition frequencies and values
of 1/ pp and my /me

The two most precise determinations of muonium
Zeeman transition frequencies were carried out at the
Clinton P. Anderson Meson Physics Facility at Los
Alamos (LAMPF), USA, and were reviewed in detail in
CODATA-98. The following three sections and Table XX
give the key results.

a. LAMPF 1982 The results obtained by Mariam (1981);
Mariam et al. (1982), which we take as input data in the
current adjustment as in the two previous adjustments,
may be summarized as follows:

Ay, = 4463302.88(16) kHz  [3.6 x 1075 (236)
v(fp) = 627994.77(14) kHz [2.2x 1077]  (237)
r[Ava, v(fp)] = 0.23 (238)

where fi, is very nearly 57.972 993 MHz, corresponding to
the flux density of about 1.3616 T used in the experiment,
and 7[Avmy, v(fp)] is the correlation coefficient of Avyy,
and v(fp).

b. LAMPF 1999 The results obtained by Liu et al.
(1999), which we also take as input data in the current
adjustment as in the 1998 and 2002 adjustments, may be
summarized as follows:

Avy, = 4463302765(53) Hz  [1.2 x 1078 (239)
v(fp) = 668223166(57) Hz [8.6 x 107%]  (240)
r[Avy, v(fp)] = 0.19 , (241)

where f, is exactly 72.320 000 MHz, corresponding to the
flux density of approximately 1.7 T used in the experi-
ment, and r[Avyy, v(fp)] is the correlation coefficient of
Avny and v(fp).

c. Combined LAMPF results By carrying out a least-
squares adjustment using only the LAMPF 1982 and
LAMPF 1999 data, the 2006 recommended values of
the quantities Reo, fe/ltp, e, and gy, together with
Egs. (215) to (218), we obtain

Mt 318334524(37) [12x 1077 (242)
Hp
T 906.768276(24) [1.2 x 1077] (243)
Me
a~! = 137.0360017(80) [5.8 x 1075, (244)
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TABLE XX Summary of data related to the hyperfine splitting in muonium and inferred values of pu/pp, mp/me, and a from

the combined 1982 and 1999 LAMPF data.

Quantity Value Relative standard Identification Sect. and Eq.
uncertainty u,
Ay 4463 302.88(16) kHz 3.6 x 1078 LAMPF-82 VI.B.2.a (236)
v(fp) 627994.77(14) kHz 2.2 %1077 LAMPF-82 VI.B.2.a (237)
A 4463302 765(53) Hz 1.2 x 1078 LAMPF-99 VI.B.2.b (239)
v(fp) 668 223 166(57) Hz 8.6 x 1078 LAMPF-99 VI.B.2.b (240)
i/ tp 3.183 345 24(37) 1.2x1077 LAMPF VIL.B.2.c (242)
my/me 206.768 276(24) 1.2x1077 LAMPF VIL.B.2.c (243)
a™! 137.036 0017(80) 5.8 x 1078 LAMPF VI.B.2.c (244)

where this value of a may be called the muonium value of
the fine-structure constant and denoted as o~ (A, ).

It is noteworthy that the uncertainty of the value of the
mass ratio my/me given in Eq. (243) is about four times
the uncertainty of the 2006 recommended value. The rea-
son is that taken together, the experimental value of and
theoretical expression for the hyperfine splitting essen-
tially determine only the value of the product a?my/me,
as is evident from Eq. (218). In the full adjustment
the value of « is determined by other data with an un-
certainty significantly smaller than that of the value in
Eq. (244), which in turn determines the value of my/me.
with a smaller uncertainty than that of Eq. (243).

VIl. ELECTRICAL MEASUREMENTS

This section is devoted to the discussion of quantities
that require electrical measurements of the most basic
kind for their determination: the gyromagnetic ratios of
the shielded proton and helion, the von Klitzing constant
Rk, the Josephson constant Kj, the product K% Ry, and
the Faraday constant. However, some of the results we
discuss were taken as input data for the 2002 adjust-
ment but were not included in the final least-squares ad-
justment from which the 2002 recommended values were
obtained, mainly because of their comparatively large
uncertainties and hence low weight. Nevertheless, we
take them as input data in the 2006 adjustment because
they provide information on the overall consistency of
the available data and tests of the exactness of the rela-
tions Kj = 2e¢/h and Rk = h/e?. The lone exception is
the low-field measurement of the gyromagnetic ratio of
the helion reported by Tarbeev et al. (1989). Because of
its large uncertainty and strong disagreement with many
other data, we no longer consider it—see CODATA-02.

A. Shielded gyromagpnetic ratios ', the fine-structure
constant o, and the Planck constant h

The gyromagnetic ratio v of a bound particle of spin
quantum number ¢ and magnetic moment p is given by

2w p

B B b’ (245)
where f is the precession (that is, spin-flip) frequency and
w is the angular precession frequency of the particle in
the magnetic flux density B. The SI unit of v iss™! T~!
= Ckg ' = Askg ' In this section we summarize
measurements of the gyromagnetic ratio of the shielded
proton

24!
= (246)
and of the shielded helion
2|
o = 2l (247)

where, as in previous sections that dealt with magnetic-
moment ratios involving these particles, the protons are
those in a spherical sample of pure HoO at 25 °C sur-
rounded by vacuum; and the helions are those in a spher-
ical sample of low-pressure, pure *He gas at 25 °C sur-
rounded by vacuum.

As discussed in detail in CODATA-98, two methods are
used to determine the shielded gyromagnetic ratio v’ of a
particle: the low-field method and the high-field method.
In either case the measured current I in the experiment
can be expressed in terms of the product KjRgk, but B
depends on [ differently in the two cases. In essence, the
low-field experiments determine +'/KjRk and the high-
field experiments determine 7/ KjRyk. This leads to the
relations

Kj Rk
"= Igy(lo)——— 248
Y 90( )KJ—QO Rk o0 ( )
Kj_g9g Rx—
7/ _ Fglo(hi) J—90 £IK—90 (249)

Ky Rk ’
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where I'gy(lo) and I'gy(hi) are the experimental values of
~" in SI units that would result from the low- and high-
field experiments if Kj and Rk had the exactly known
conventional values of Kj_gg and Rg_gg, respectively.
The quantities I'gy(lo) and Igy(hi) are the input data
used in the adjustment, but the observational equations
take into account the fact that Ky_g9 # Ky and Rg_g9 #
Rk.

Accurate values of I'yy(lo) and I'g,(hi) for the proton
and helion are of potential importance because they pro-
vide information on the values of o and h. Assuming the
validity of the relations Kj = 2e/h and Rk = h/e?, the
following expressions apply to the four available proton
results and one available helion result:

_ Ky o0 Rk-909e Hp 3

r’ lo) = 250
p*QO( O) 4,LLOR00 o a”, ( )
Kj_90 RK—90 §e— 14
Iy _go(lo) = — bl 251
h790( O) 4,LLOROO ,LLC* « ? ( )
2 i
- 1
Iy _go(hi) = e e Mo = (252)

2K 90 Rk—90 Roo fle— h

Since the five experiments, including necessary correc-
tions, were discussed fully in CODATA-98, only a brief
summary is given in the following sections. The five re-
sults, together with the value of « inferred from each
low-field measurement and the value of h inferred from
each high-field measurement, are collected in Table XXI.

1. Low-field measurements

A number of national metrology institutes have long
histories of measuring the gyromagnetic ratio of the
shielded proton, motivated, in part, by their need to mon-
itor the stability of their practical unit of current based
on groups of standard cells and standard resistors. This
was prior to the development of the Josephson and quan-
tum hall effects for the realization of practical electric
units.

a. NIST: Low field The most recent National Institute of
Standards and Technology (NIST), Gaithersburg, USA,
low-field measurement was reported by Williams et al.
(1989). Their result is

'/ _go(lo) = 2.67515405(30) x 10% 51 T~

[1.1x1077], (253)
where I')_q4(lo) is related to v, by Eq. (248).

The value of « that may be inferred from this result
follows from Eq. (250). Using the 2006 recommended
values for the other relevant quantities, the uncertainties
of which are significantly smaller than the uncertainty

of the NIST result (statements that also apply to the
following four similar calculations), we obtain

o' =137.0359879(51) [3.7 x107%], (254)

where the relative uncertainty is about one-third the rel-
ative uncertainty of the NIST value of I']_g,(lo) because
of the cube-root dependence of a on I')_g(l0).

b. NIM: Low field The latest low-field proton gyromag-
netic ratio experiment carried out by researchers at the
National Institute of Metrology (NIM), Beijing, PRC,
yielded (Liu et al., 1995)

I _go(lo) = 2.6751530(18) x 10% s™" T~!

[6.6 x 1077] . (255)

Based on Eq. (250), the inferred value of « from the
NIM result is

o~ =137.036006(30) [2.2x1077] . (256)

c. KRISS/VNIIM: Low field The determination of +, at
the Korea Research Institute of Standards and Science
(KRISS), Taedok Science Town, Republic of Korea, was
carried out in a collaborative effort with researchers
from the Mendeleyev All-Russian Research Institute for
Metrology (VNIIM), St. Petersburg, Russian Federation
(Kim et al., 1995; Park et al., 1999; Shifrin et al., 1998a,b,
1999). The result of this work can be expressed as

I _go(lo) = 2.03789537(37) x 10% s~ T~!

[1.8x1077], (257)

and the value of o that may be inferred from it through
Eq. (251) is

a~! =137.0359852(82) [6.0 x 1079 . (258)

2. High-field measurements

a. NIM:high field The latest high-field proton gyromag-
netic ratio experiment at NIM yielded (Liu et al., 1995)

I _go(hi) = 2.6751525(43) x 10% s~ > T~*

’ [1.6 x 1079] , (259)

where I')_gq(hi) is related to ;) by Eq. (249). Its correla-
tion coefficient with the NIM low-field result in Eq. (255)
is

r(lo,hi) = —0.014 . (260)

Based on Eq. (252), the value of h that may be inferred
from the NIM high-field result is

h=6.626071(11) x 10734 J s

[1.6 x 1079] . (261)
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TABLE XXI Summary of data related to shielded gyromagnetic ratios of the proton and helion, and inferred values of o and h.

Quantity Value Relative standard  Identification  Sect. and Eq.
uncertainty u,

Iy _g0(lo) 2.67515405(30) x 103 s™' T™1 1.1 x 1077 NIST-89 VILA.1.a (253)
a™! 137.0359879(51) 3.7x 1078 VILA.1.a (254)

I go(lo)  2.6751530(18) x 10® s=' T~* 6.6 x 1077 NIM-95 VILA.1b (255)
a™! 137.036 006(30) 2.2x1077 VILA.1b (256)

Y _go(lo)  2.03789537(37) x 108 s™* T™! 1.8 x 1077 KR/VN-98 VILA.l.c (257)
a™! 137.035 9852(82) 6.0 x 1078 VILA.1.c (258)

I go(hi) 2.6751525(43) x 108 571 T~* 1.6 x 107 NIM-95 VILA.2.a (259)
h 6.626 071(11) x 1073* J s 1.6 x 107¢ VILA.2.a (261)

I} go(hi)  2.6751518(27) x 10® s™* T~* 1.0 x 107¢ NPL-79 VILA.2.b (262)
h 6.626 0729(67) x 1073* J s 1.0 x 1076 VILA.2.b (263)

b. NPL: High field The most accurate high-field ~) ex-
periment was carried out at NPL by Kibble and Hunt
(1979), with the result

I _go(hi) = 2.6751518(27) x 10% s~" T~

[1.0 x 1079] . (262)

This leads to the inferred value

h = 6.6260729(67) x 107** Js [1.0 x 1079 , (263)

based on Eq. (252).

B. von Klitzing constant Rk and o

Since the the quantum Hall effect, the von Klitzing
constant Ry associated with it, and the available deter-
minations of Rk are fully discussed in CODATA-98 and
CODATA-02, we only outline the main points here.

The quantity Rk is measured by comparing a quan-
tized Hall resistance Ry(i) = Rk/i, where i is an in-
teger, to a resistance R whose value is known in terms
of the SI unit of resistance ). In practice, the latter
quantity, the ratio R/, is determined by means of a cal-
culable cross capacitor, a device based on a theorem in
electrostatics discovered in the 1950s (Lampard, 1957;
Thompson and Lampard, 1956). The theorem allows
one to construct a cylindrical capacitor, generally called
a Thompson-Lampard calculable capacitor (Thompson,
1959), whose capacitance, to high accuracy, depends only
on its length.

As indicated in Sec. II, if one assumes the validity of
the relation Rx = h/ €2, then Rx and the fine-structure
constant « are related by

a = poc/2Rk . (264)

Hence, the relative uncertainty of the value of a that may
be inferred from a particular experimental value of Rk is
the same as the relative uncertainty of that value.

The values of Rx we take as input data in the 2006 ad-
justment and the corresponding inferred values values of

« are given in the following sections and are summarized
in Table XXII.

1. NIST: Calculable capacitor

The result obtained at NIST is (Jeffery et al., 1997)
[see also Jeffery et al. (1998)]

Rk = 2581281+ 0.322(24) x 107%] Q
— 25812.80831(62) Q [2.4x 107%], (265)

and is viewed as superseding the NIST result reported in
1989 by Cage et al. (1989). Work by Jeffery et al. (1999)
provides additional support for the uncertainty budget of

the NIST calculable capacitor.
The value of « that may be inferred from the NIST
value of Ry is, from Eq. (264),
a~ ! =137.0360037(33)

[2.4 x 1078] . (266)

2. NMil: Calculable capacitor

Based on measurements carried out at the Nati